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Abstract
We study Lipschitz mappings defined on anHn-rectifiable metric space with values in an arbitrary metric
space. We find necessary and sufficient conditions on the image and the preimage of a mapping for the
validity of the coarea formula. As a consequence, we prove the coarea formula for some classes of mappings
withHk-σ -finite image. We also obtain a metric analog of the Implicit Function Theorem. All these results
are extended to large classes of mappings with values in a metric space, including Sobolev mappings and
BV-mappings.
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1. Introduction
It is well known that, for C1-mappings ϕ :Rn → Rk , n  k, the Implicit Function Theorem
and the coarea formula∫
U
√
det
(
Dϕ(x)Dϕ∗(x)
)
dx =
∫
Rk
dz
∫
ϕ−1(z)
dHn−k(u), (1.1)
✩ The research was partially supported by Commission of the European Communities (Specific Targeted Project
“Geometrical Analysis in Lie groups and Applications”, Contract number 028766), the Russian Foundation for Basic
Research (Grant 06-01-00735), the State Maintenance Program for Young Russian Scientists and the Leading Scientific
Schools of Russian Federation (Grant NSh-8526.2006.1).
E-mail address: maryka@math.nsc.ru.0022-1236/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2007.10.013
M. Karmanova / Journal of Functional Analysis 254 (2008) 1410–1447 1411where U ⊂ Rn is an open set, hold.
This formula was first stated in 1950 by A.S. Kronrod [18] in a special case of ϕ :R2 → R.
Later, in 1959, H. Federer [7] generalized it to Lipschitz mappings of Riemannian manifolds, and
in 1969 this result was extended to Lipschitz mappings of rectifiable sets of Euclidean spaces
[8]. Results on the coarea formula can also be found in [6,9,19]. In 1978, M. Ohtsuka proved
the coarea formula in the case of ϕ ∈ Lip(Rn,Rm), n,m  k, when the image ϕ(Rn) is Hk-σ -
finite [24]. An infinite-dimensional analog of the coarea formula was proved by H. Airault and
P. Malliavin in 1988 [1] for the case of Wiener spaces. This result can be found in the book [20].
The generalization of the Implicit Function Theorem to Lipschitz mappings asserts [8] (see
also [11]) that the preimage ϕ−1(z) of Hk-almost every z ∈ Rk is an Hn−k-rectifiable set. Note
that the statement about the preimage of a point can be derived from the coarea formula for Lip-
schitz mappings. Recall that a subset A ⊂ X of a metric space X is Hl-rectifiable if there exists
an at most countable collection of Lipschitz mappings αi defined on measurable sets Ai ⊂ Rl
such that Hl (A \⋃i∈N αi(Ai)) = 0.
In 2000–2003, some coarea properties and level sets of Sobolev mappings were studied in
[11,21–23].
In 2000, L. Ambrosio and B. Kirchheim [3] proved an analog of coarea formula for Lipschitz
mappings defined on Hn-rectifiable metric space with values in Rk . The main contribution of
these authors is the linearization of a pure metric problem.
Using the methods of [28], in [15] we prove the coarea formula under different assumptions,
namely, when a Lipschitz mapping ϕ is defined on a measurable set E ⊂ Rn and takes values in
an Hk-rectifiable metric space X, n k,
∫
E
f (x)Jk
(
MD(ϕ, x)
)
dx =
∫
X
dHk(z)
∫
ϕ−1(z)
f (u)dHn−k(u). (1.2)
(Here f :E → E, where E is an arbitrary Banach space, is such that the mapping f (x) ·
Jk(MD(ϕ, x)) is integrable.) In the same paper, we also generalize the coarea formula to the
case of a Lipschitz mapping ϕ defined on an Hn-rectifiable metric space Y with values in an
Hk-rectifiable metric space X, n k. Thus, the result of [15] covers the result of [3].
In (1.2), the geometrical sense of the m-coarea factor Jk(MD(ϕ, x)) is the same as in the
Euclidean case, i.e., in the case of an open set E,
Jk
(
MD(ϕ, x)
)= lim
r→0
Hk(ϕ(Bk(x, r)))
ωkrk
,
where Bk(x, r) is a k-dimensional ball in x + (ker(MD(ϕ, x)))⊥ and ωk denotes the volume of a
unit ball in Rk . In the case of an arbitrary measurable set E, we approximate (ker(MD(ϕ, x)))⊥
with k-dimensional planes. For the analytic description of the m-coarea factor, we need the con-
cepts of metric differentiability and metric differential.
Definition 1.1. (See [17].) Let E ⊂ Rn be a measurable set and let (X, dX) be a metric space.
A mapping ϕ :E → (X, dX) is metrically differentiable, or m-differentiable, at a point x ∈ E if
there exists a seminorm L(x) on Rn such that, in some neighborhood of x,
dX
(
ϕ(z),ϕ(y)
)−L(x)(z − y) = o(|z− x| + |y − x|)
1412 M. Karmanova / Journal of Functional Analysis 254 (2008) 1410–1447as z, y → x, where z, y ∈ E. The seminorm L(x) is called the metric differential, or the m-
differential of the mapping ϕ at the point x and is denoted by MD(ϕ, x).
Notice that in (1.2) the dimension of a kernel of the m-differential is at least n−k on E almost
everywhere. The m-coarea factor is defined in [12,15] as
Jk
(
MD(ϕ, x)
)= ωkk
( ∫
Sn−1∩(ker(MD(ϕ,x)))⊥
[
MD(ϕ, x)(u)
]−k
dHk−1(u)
)−1
, (1.3)
where Sn−1 is a unit sphere in Rn.
Assume that (1.2) holds for Lipschitz mappings ϕ :E → X, where X is an arbitrary metric
space. The question arises of the geometrical properties of the metric space X caused by the
validity of (1.2). In this paper, we find necessary and sufficient conditions on the image and the
preimage of Lipschitz mappings under which (1.2) holds. We also prove a metric analog of the
Implicit Function Theorem independently of the coarea formula.
It is known [17] (see also [13] for a new proof) that a Lipschitz mapping ϕ :E → X
is m-differentiable on E almost everywhere. We consider Lipschitz mappings defined on a
measurable set E ⊂ Rn that take values in an arbitrary metric space X and are such that
dim ker(MD(ϕ, x))  n − k for Hn-almost all x ∈ E. Put Z = {x ∈ E: dim ker(MD(ϕ, x)) >
n− k} = {x ∈ E: Jk(MD(ϕ(x)) = 0}. These requirements on the Lipschitz mapping ϕ are min-
imal, since, first, the definition of the m-coarea factor (1.3) implies that the dimension of the
orthogonal complement of the kernel of the m-differential should not exceed k on E almost
everywhere, and, second, the set of Hn-measure zero does not influence the integrals in the
coarea formula (see Lemma 3.8 below).
Note that from Lemma 3.7 it follows that the Hk-σ -finity of ϕ(E) implies
dim ker(MD(ϕ, x)) n − k Hn-almost everywhere. It means that the class of mappings studied
in our paper includes that considered in [24].
In this paper, we denote the subsets of Rn of the definition of an Hn-rectifiable metric
space Y by Bm, and the corresponding Lipschitz mappings, by βm, m ∈ N. Designate the set
{x ∈ Bm: dim ker(MD(ϕ ◦ βm,x)) > n − k} as Zm, m ∈ N, and denote the set ⋃m∈N βm(Zm)
by Z.
The following three theorems constitute the main result of the paper.
Theorem 1.2 (The Preimage-of-a-Point Theorem). Let (Y, dY) be anHn-rectifiable metric space
and let X be an arbitrary metric space. Suppose that ϕ ∈ Lip(Y,X) and dim ker(MD(ϕ ◦βm,y))
 n − k for Hn-almost all y ∈ Bm, m ∈ N. Then there exists a set Σ ⊂ Y such that Hn(Σ) = 0
and ϕ−1(z) \ (Z ∪ Σ) is a subset of the union of countably many images of measurable subsets
of Rn−k under Lipschitz mappings, in particular, it is an Hn−k-rectifiable metric space for all
z ∈ X.
Theorem 1.3 (The Coarea Formula Validity Criterion). Let (Y, dY) be an Hn-rectifiable metric
space, let X be an arbitrary metric space, and let a mapping ϕ ∈ Lip(Y,X). Suppose also that
dim ker(MD(ϕ ◦ βm,y))  n − k for Hn-almost all y ∈ Bm, m ∈ N. Then the following are
equivalent:
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Y
f (x)Jk(ϕ, x) dx =
∫
X
dHk(z)
∫
ϕ−1(z)
f (u)dHn−k(u)
holds for every function f :Y → E such that f (x)Jk(ϕ, x) is integrable, where E is an
arbitrary Banach space.
2. The coarea formula holds for any f (x) = χA(x), where A ⊂ Y is such that A ∩ (Y \ Z) is
measurable.
3. ϕ(Y) = XΣ ∪ XZ ∪ X0, where XΣ = ϕ(Σ), Hn(Σ) = 0, XZ = ϕ(Z); moreover,∫
ϕ−1(z)∩Z
dHn−k(u) = 0
for Hk-almost all z ∈ X, and X0 is a subset of the union of countably many images of mea-
surable subsets of Rk under Lipschitz mappings, in particular, X0 is anHk-rectifiable metric
space.
4. ϕ(Y) = XΣ ∪ XZ ∪ X0, where the sets XΣ and XZ are the same as in 3, and X0 is an
arbitrary Hk-rectifiable metric space.
5. In the case of Y = E ⊂ Rn, where E is measurable, the set E possesses the following prop-
erties:
(a) for each intersection E ∩ B(0, s), s ∈ R, and each ε > 0, there exists a measurable
set Σε ⊂ E ∩ B(0, s) and a collection of compact sets {Ki}i∈N such that Hn(Σε) < ε,
(E ∩B(0, s)) \Σε ⊂⋃i∈NKi , and the equality
Jk
(
MD(ϕ|Ki , x)
)= lim
r→0
Hk(ϕ|Ki (B(x, r)∩ (E \ (Σε ∪Z))))
Hk(Bk(x, r))
holds everywhere on (E ∩ B(0, s) ∩ Ki) \ (Σε ∪ Z), i ∈ N, where Bk(x, r) is a k-
dimensional ball;
(b) the set Z equals the union of two disjoint measurable sets Z1 and Z2, where Z2 is such
that ∫
ϕ−1(z)∩Z2
dHn−k(u) = 0
for all z ∈ X and Hk(ϕ(Z1)) = 0.
Theorem 1.4 (The coarea formula for mappings with Hk-σ -finite image). Assume that (Y, dY)
is an Hn-rectifiable metric space, X is an arbitrary metric space, and ϕ ∈ Lip(Y,X). Suppose
also that dim ker(MD(ϕ ◦ βm,y)) n− k almost everywhere and ϕ(Y) is Hk-σ -finite. Then the
formula ∫
Y
f (x)Jk(ϕ, x) dHn(x) =
∫
X
dHk(z)
∫
−1
f (u)dHn−k(u)
ϕ (z)
1414 M. Karmanova / Journal of Functional Analysis 254 (2008) 1410–1447holds for every function f :Y → E (where E is an arbitrary Banach space) such that
f (x)Jk(ϕ, x) is integrable.
Remark 1.5. Note that in item 1 of Theorem 1.3, the function f :Y → E need not be measurable.
The same is true for a set A ⊂ Y in item 2.
Item 5(b) also holds in the case of an arbitrary Hn-rectifiable metric space Y.
Remark 1.6. The equivalence 1 ⇔ 2 is established by standard arguments. It is enough to con-
sider the case of a compact set A ⊂ (Y \ Z), a real-valued bounded function f and sequences
{fn}n∈N of simple functions converging everywhere to f and apply Lebesgue’s theorem. The
general case is proved by applying Lemma 3.8 and Lebesgue’s and B. Levi’s theorems.
Remark 1.7. Note that Theorem 1.3 is new even if Y = Rn, X = Rm, n,m k. In this case, the
coarea formula is of the following type:∫
Rn
Jk(ϕ, x) dx =
∫
Rm
dHk(z)
∫
ϕ−1(z)
dHn−k(u).
Remark 1.8. Theorem 1.4 can be interpreted as a generalization of a result of [24].
In Sections 2–6, we consider a Lipschitz mapping ϕ defined on a measurable subset of
E ⊂ Rn, and in Section 7, we generalize our results to mappings defined onHn-rectifiable metric
spaces.
The main result of the paper and a sketch of its proof was published in [14].
2. Hn−k-rectifiability of the preimage of a point
Definition 2.1. A metric space X is called Hk-rectifiable if there exists an at most count-
able collection of Lipschitz mappings αi :Ai → X defined on measurable sets in Rk such that
Hk(X \⋃i∈N αi(Ai)) = 0.
Definition 2.2. (See [13].) A point x ∈ E is called a linear density point in a direction u, where
u ∈ Sn−1, if x is a density point of the set E ∩ (x + Ru).
Henceforth, denote by U a countable dense set on Sn−1.
Theorem 2.3 (The Preimage-of-a-Point Theorem: Regular case). Suppose that E is a measurable
set in Rn, X is a metric space, and ϕ ∈ Lip(E,X). Assume that:
(1) E ⊂ E is a compact set and every point x ∈ E is a linear density point of the set E in all
directions um ∈ U ;
(2) ϕ is m-differentiable at every x ∈ E;
(3) the m-differential MD(ϕ, x)(um) is continuous on x ∈ E for each fixed um ∈ U ;
(4) the “difference quotients” dX(ϕ(x + rum),ϕ(x))/r , x ∈ E, converge uniformly on E to the
m-differential MD(ϕ, x)(um) for each fixed um ∈ U ;
(5) dim ker(MD(ϕ, x)) = n− k for all x ∈ E;
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to the unity on E.
Then each set ϕ−1(z) ∩ E is a subset of the union of countably many images of measurable
subsets of Rn−k under Lipschitz mappings for all z ∈ X. In particular, it is Hn−k-rectifiable.
Proof. I. Observe that, for each fixed u ∈ Sn−1, the m-differential MD(ϕ, x)(u) is uniformly
continuous on x, since E is the compact set.
II. Prove that the m-differential MD(ϕ, x)(u) is uniformly continuous on E uniformly in all
u ∈ Sn−1. Indeed, let ε > 0. Choose a finite subset {um}M1 ⊂ U such that, for each u ∈ Sn−1, there
exists ul ∈ {um}M1 satisfying |u − ul | < ε5 Lip(ϕ) . For each ul ∈ {um}M1 , there exists δl > 0 such
that |MD(ϕ, x)(ul)− MD(ϕ, y)(ul)| < ε2 whenever |x − y| < δl . Put δ = min1lM{δl}. Hence,
if |x − y| < δ, we have
∣∣MD(ϕ, x)(u)− MD(ϕ, y)(u)∣∣

∣∣MD(ϕ, x)(u)− MD(ϕ, x)(ul)∣∣
+ ∣∣MD(ϕ, x)(ul)− MD(ϕ, y)(ul)∣∣+ ∣∣MD(ϕ, y)(u)− MD(ϕ, y)(ul)∣∣
 Lip(ϕ)|u− ul | + ε2 + Lip(ϕ)|u− ul | < ε
for every u ∈ Sn−1.
III. Similar arguments show that, for all x ∈ E, the “difference quotients” dX(ϕ(x +
ru),ϕ(x))/r , converge uniformly on E to the metric differential MD(ϕ, x)(u) uniformly in
u ∈ Sn−1. Fix ε > 0 and consider a subset {um}M1 ⊂ U such that, for each u ∈ Sn−1, there exists
ul ∈ {um}M1 such that |u − ul | < ε5 Lip(ϕ) . Condition (4) implies that, for each ul , there exists
rl > 0 such that if r < rl and x + rul ∈ E, then the relation∣∣∣∣dX(ϕ(x + rul), ϕ(x))r − MD(ϕ, x)(ul)
∣∣∣∣< ε2
holds for all x ∈ E. Next, it follows from condition (6) that there exists ρl > 0 such that
|(x, x + rul)∩E|
r
> 1 − ε
20 Lip(ϕ)
if r < ρl , for all x ∈ E. Put r0 = min1lM{δl, rl, ρl}. Take u ∈ Sn−1. By choice of r0 we have
that, for each r > 0, r < r0, there exists r ′ > 0 such that x + r ′ul ∈ E and |r − r ′| < εr20 Lip(ϕ) for
all x ∈ E. Hence, for r < r0 and x + ru ∈ E, we have∣∣∣∣dX(ϕ(x + ru),ϕ(x))r − MD(ϕ, x)(u)
∣∣∣∣

∣∣∣∣dX(ϕ(x + ru),ϕ(x))r − dX(ϕ(x + r
′ul), ϕ(x))
r
∣∣∣∣
+
∣∣∣∣dX(ϕ(x + r ′ul), ϕ(x))′ − MD(ϕ, x)(ul)
∣∣∣∣r
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∣∣∣∣dX(ϕ(x + r ′ul), ϕ(x))r ′ − dX(ϕ(x + r
′ul), ϕ(x))
r
∣∣∣∣
+ ∣∣MD(ϕ, x)(u)− MD(ϕ, x)(ul)∣∣
 Lip(ϕ)
∣∣∣∣u− r ′r ul
∣∣∣∣+ ε2 + Lip(ϕ)
(
1 − r
′
r
)
+ Lip(ϕ)|u− ul | < ε. (2.1)
IV. Consider z ∈ X and the level set ϕ−1(z). Assume that it is not empty and fix x ∈ ϕ−1(z).
Item II implies that for each set ((ker(MD(ϕ, x)))⊥ ∩ Sk−1) × (B(x, r) ∩ E), there exist u0 ∈
(ker(MD(ϕ, x)))⊥ ∩Sk−1 and y0 ∈ B(x, r)∩E on which MD(ϕ, y)(u) takes the minimal value c.
Choose r > 0, r < r0, so that c is positive (the existence of such r > 0 follows from what has
been said above). Moreover, fix 0 < 2ρ < r so that inequality (2.1) holds for ε < c/2. Denote
Lk = (ker(MD(ϕ, x)))⊥ and consider the correspondence ψ defined as follows:
ψ :Rn  y → {ϕ−1(z)∩ (y + Lk)∩ E}.
Denote by Bn−k the set Bn−k(x,ρ) ⊂ x + ker(MD(ϕ, x)), where Bn−k(x,ρ) is an (n − k)-
dimensional ball. Note that the restriction ψ on the set Bn−k is a mapping. Indeed, suppose that
there are two different points w1 = w2 in the image ψ(y) of some point y, |w1 − w2| < 2ρ and
ϕ(w1) = ϕ(w2) = z. By the definition of ψ we have w1 − w2 ∈ (ker(MD(ϕ, x)))⊥. From (2.1),
it follows that ∣∣∣∣0 − MD(ϕ,w1)
(
w1 −w2
|w1 −w2|
)∣∣∣∣= MD(ϕ,w1)
(
w1 −w2
|w1 −w2|
)
< c/2.
The so-obtained contradiction shows that the restriction ψ |Bn−k is a mapping.
V. To simplify the notations, we assume from now on that x = 0. Consider the mapping
π :ϕ−1(z) ∩ B(0, ρ) → Bn−k ⊂ ker(MD(ϕ,0)) such that π(w), w ∈ ϕ−1(z), is the orthogonal
projection of w onto Bn−k , i.e., π(w)⊥(w − π(w)). The definition of π implies that it is a
Lipschitz mapping. Show that there exists α > 0 such that
lim
v→y
|π(v)− π(y)|
|v − y|  α > 0 (2.2)
everywhere on ϕ−1(z) ∩ B(x,ρ). Suppose the contrary. For each ε > 0, there exist y, v ∈
ϕ−1(z)∩B(x,ρ) such that
|π(v)− π(y)|
|v − y| < ε. (2.3)
Consider ε < min{ c12 Lip(ϕ) , 12 }. Then 2ρ  |v − y| > 1ε |π(v) − π(y)|. Involving the fact that π
takes values in ker(MD(ϕ,0)), we see that π(v)−π(y) = π(v−y) ∈ ker(MD(ϕ,0)) (here, in the
case of v−y /∈ ϕ−1(t), the value π(v−y) means the orthogonal projection of v−y onto Bn−k).
Denote by k the orthogonal projection of a vector v − y onto (ker(MD(ϕ,0)))⊥. Then
|v − y|2 = |k|2 + ∣∣π(v)− π(y)∣∣2, (2.4)
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MD(ϕ, y)(k)MD(ϕ, y)(v − y)+ MD(ϕ, y)(π(v)− π(y)). (2.5)
From (2.1) and the equality ϕ(v) = ϕ(y) = z, we deduce that MD(ϕ, y)(v−y) c/2|v−y|. Put
uv,y = |v − y||π(v)− π(y)|
(
π(v)− π(y))
and estimate MD(ϕ, y)(π(v)− π(y)). Note that |uv,y | = |v − y|. Relation (2.1) and the fact that
MD(ϕ, y)(u) is a Lipschitz mapping on Sn−1 [13,17] imply that
MD(ϕ, y)(uv,y)MD(ϕ, y)(v − y)+ 2 Lip(ϕ)|v − y|

(
c
2
+ 2 Lip(ϕ)
)
|v − y| 3 Lip(ϕ)|v − y|.
Now, from (2.3) we obtain
MD(ϕ,0)
(
π(v)− π(y))= ∣∣π(v)− π(y)∣∣MD(ϕ,0)( π(v)− π(y)|π(v)− π(y)|
)
< ε|v − y|MD(ϕ,0)
(
π(v)− π(y)
|π(v)− π(y)|
)
= εMD(ϕ,0)(uv,y).
From the last relation and from (2.5) we infer
MD(ϕ, y)(k) c
2
|v − y| + ε3 Lip(ϕ)|v − y| =
(
c
2
+ 3εLip(ϕ)
)
|v − y|.
Finally,
MD(ϕ, y)
(
k
|k|
)

( c2 + 3εLip(ϕ))|v − y|
|v − y|√1 − ε2 
3c
4
√
1 − ε2 < c.
The so-obtained contradiction with the assumption on r of item IV shows that the lower limit
(2.2) is strictly positive.
Thus, π is a bi-Lipschitz mapping. Hence, the restriction of the mapping ψ on the com-
pact set π(ϕ−1(z) ∩ B(x,ρ)) is also bi-Lipschitz. The balls {B(x,ρ): x ∈ ϕ−1(z), ρ > 0}
constitute an open covering of the compact set ϕ−1(z) ∩ E. Choose a finite subcovering
B(x1, ρ1), . . . ,B(xm,ρm) and consider the intersection B(xl, ρl) ∩ ϕ−1(z) ∩ E, l = 1, . . . ,m.
Thus, the level set ϕ−1(z) ∩ E is a subset of some finite union of the images of measurable
sets in Rn−k under Lipschitz mappings. In particular, it is an Hn−k-rectifiable set. The theorem
follows. 
Proof of Theorem 1.2 (The case Y = E ). I. We may assume without loss of generality that
E is compact. Show that, for ε > 0, there exists a measurable set Eε , Hn(Eε) < ε, such that
E \ (Eε ∪Z) is a compact set and conditions (1)–(6) of Theorem 2.3 hold on E \ (Eε ∪Z).
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bounded measurable set E, there exists a compact set Kε ⊂ (E \Z), Hn(E \ (Kε ∪Z)) < ε5 , on
which conditions (2), (3) and (5) of Theorem 2.3 hold.
II. 1. For obtaining condition (4), fix um ∈ U and consider the functions
rmn (x) = sup
α
{
α ∈ [0,1/n]: x + αum ∈ E
}
, n ∈ N.
Show that each rmn (x), n ∈ N, is measurable on E. Fix n ∈ N and consider a Lebesgue set Ea =
{x ∈ E: rmn (x) < a}. If a > 1/n then Ea = E, and if a < 0 then Ea = ∅. For 0 a  1/n, it is
easy to see in view of compactness of E that
y ∈ Ea ⇔ [y + aum,y + um/n] ⊂ Ec = Rn \E.
If y ∈ Ea then, since Ec is open, for each ξ ∈ [y + aum,y + um/n], there exists a ball
B(ξ, rξ ) ⊂ Ec. These balls form an open covering of the compact set [y + aum,y + um/n].
Choose a finite subcovering {B(ξk, rk)}Kk=1 of [y + aum,y + um/n]. Then there exists a positive
number r0  mink=1,...,K rk such that if |y − y′| < r0 then [y′ + aum,y′ + um/n] ⊂ Ec, or, in
other words, y′ ∈ Ea . Thus, the set Ea is open and, hence, it is measurable, and the function
rmn (x) is measurable.
2. Making use of Egorov’s theorem, remove a set of measure not exceeding ε5 from E on
whose complement E ⊂ E the functions rmn (x) are continuous. On this complement the functions
ϕmn (x) =
(dX(ϕ(x),ϕ(x + rmn (x)um)))
rmn (x)
are measurable. Applying Egorov’s theorem once again, we remove the set of measure not ex-
ceeding ε5 on whose complement we have ϕ
m
n (x) →n→∞ MD(ϕ, x)(um) uniformly in x, for all
m ∈ N. Denote the so-obtained set by Dε . By choice, Hn(E \ Dε) < 2ε5 . It is left to show, that
the “difference quotients” dX(ϕ(x + rum),ϕ(x))/r , x ∈ Dε , x + rum ∈ E, converge uniformly
on Dε to the metric differential MD(ϕ, x)(um) for each fixed um ∈ U .
Take arbitrary σ > 0 and n0 = n0(m) ∈ N such that |ϕmn (x)− MD(ϕ, x)(um)| < σ for n > n0
for all x ∈ Dε . Let 0 < r  rmn0(x) be such that x + rum ∈ E and rmn (x)  r be closest to r .
Consequently, r  1/(n+ 1), and
∣∣rmn (x)− r∣∣
∣∣∣∣1n − 1n+ 1
∣∣∣∣= o(r), where o(·) is uniform on Dε.
Applying arguments similar to those in (2.1), we have condition (4).
III. To obtain condition (6), consider functions
f mn (x) =
1
n
∣∣∣∣
[
x, x + 1
n
um
]
∩E
∣∣∣∣,
um ∈ U . Show that they are measurable. Indeed, we may assume without loss of generality that
E is a closed set. Note that f mn is measurable if and only if each function
gmn (x) =
1
∣∣∣∣
[
x, x + 1um
]
∩Ec
∣∣∣∣n n
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n
] and prove that the set Gα = {x: gmn (x) > α} is open (the cases of
α < 0 and α > 1
n
are trivial). Fix x ∈ Gα . Since the set (x, x + 1num) ∩ Ec is open and it equals
a union of disjoint intervals, we may choose a finite collection of closed intervals lying in this
set sum of lengths of which is also greater than α. The obtained set G is compact. The set Ec is
open, consequently, for each y ∈ G there exists a cube Q(y, ry) ⊂ Ec faces of which are either
parallel or orthogonal to the direction um. Choose a finite subcovering of G. Obviously, there
exists δ > 0 small enough, such that, for each y ∈ B(x, δ), we have gmn (y) > α, or, equivalently,
y ∈ Gα . Thus, gmn and f mn are measurable.
On each set y + Rum, we have [8] f mn → 1 as n → ∞ a.e. Taking the measurability of the
limit function and Fubini theorem into account, we have f mn → 1 as n → ∞ a.e. Repeating the
above arguments, we obtain a compact set Cε ⊂ E, Hn(E \ Cε) < ε5 , on which the “difference
quotients” |[x, x + rum] ∩E|/r converge uniformly to 1 for each fixed um ∈ U .
Since almost every point x ∈ E is its linear density point in each direction um ∈ U [8], then,
without loss of generality, we can suppose that the set Cε enjoys property (1).
Put Eε = E \ ([Kε ∩Dε ∩Cε] ∪Z). By the choice of Kε , Dε and Cε , the measure of Eε is at
most ε. Then, for all z ∈ X, the preimage ϕ−1(z) \ (Z ∪Eε) is an Hn−k-rectifiable set. Consider
the sequence {εm = 1m }m∈N and the corresponding sets {E 1m }m∈N. Put Σ =
⋂
m∈NE 1
m
. From the
properties of the sets E 1
m
, we have Hn(Σ) = 0.
Thus, the Preimage-of-a-Point Theorem is proved. 
3. Sets which do not influence the values of integrals
Hereinafter, by E we denote the part of the set E satisfying the conditions of Theorem 2.3.
Definition 3.1. (See [12,15].) Suppose that E ⊂ Rn is a measurable set, (X, dX) is a metric space,
and ϕ :E → X is a mapping m-differentiable at a point x ∈ E with dim ker(MD(ϕ, x)) = n− k.
Define
Jk
(
MD(ϕ, x)
)= ωkk
( ∫
Sk−1
[
MD(ϕ, x)(u)
]−k
dHk−1(u)
)−1
,
where Sk−1 is the (k − 1)-dimensional unit sphere in the space (ker(MD(ϕ, x)))⊥.
If dim ker(MD(ϕ, x)) > n− k, then we set Jk(MD(ϕ, x)) = 0.
Recall that, throughout the paper, the zero set of the m-coarea factor is denoted by Z, i.e.,
Z = {x ∈ E: Jk(MD(ϕ, x))= 0}= {x ∈ E: dim ker(MD(ϕ, x))> n− k}.
Denote by B(X) the family of all Borel subsets of X.
Theorem 3.2. (See [8].) The Hausdorff measure Hk is a regular outer Borel measure, i.e., for
each set A ⊂ X, there exists B ∈ B(X) such that B ⊃ A and Hk(B) =Hk(A).
Lemma 3.3. (See [13].) Suppose that E ⊂ Rn is a measurable set, (X, dX) is a metric space, and
ϕ ∈ Lip(E,X). Then, for each u ∈ Sn−1, the function MD(ϕ, x)(u) is measurable on E.
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ϕ :E → X is continuously m-differentiable on E if, for each u ∈ Sn−1, the quantity MD(ϕ, x)(u)
is continuous on x ∈ E.
Definition 3.5. Let u1, . . . , uk be a set of linearly independent vectors in Rn, 1 < k  n. Define
a k-dimensional direction as span{u1, . . . , uk} ∩B(0,1).
Definition 3.6. (See [15].) Let E ⊂ Rn be a measurable set and let u1, . . . , uk , k  n, be a set
of linearly independent vectors in Rn. Put L = span{u1, . . . , uk} ∩ B(0,1). A point x ∈ E is a
(k-dimensional) density point in the direction L if it is a density point of the set (x +L)∩E, i.e.,
lim
r→0
Hk(B(x, r)∩ x + L)
Hk(Bk(x, r)) = 1,
where Bk(x, r) is a k-dimensional ball.
In the case of k = 1, we take L = span{u1} ∩ B(0,1) and say that x is a linear density point
in the direction u1.
In what follows, we denote by L the countable dense set on Sn−1 of k-dimensional directions.
Henceforth, we assume that every point x ∈ E is a k-dimensional density point in every direction
Lν ∈ L, ν ∈ N [8].
Lemma 3.7. (See [15].) Let E ⊂ Rn be a measurable set and let (X, dX) be a metric space.
Then the preimage of a set of Hk-measure zero under a Lipschitz mapping ϕ :E → X with
dim ker(MD(ϕ, x)) = n− k almost everywhere, is the set of Hn-measure zero.
Lemma 3.8. Suppose that (Y, dY) and (X, dX) are metric spaces, ϕ ∈ Lip(Y,X), and E ⊂ Y is
such that Hn(E) = 0. Then the mapping ϕ meets the following equality:∫
X
dHk(z)
∫
ϕ−1(z)∩E
dHn−k(u) = 0.
Proof. It is known [5,8] that
∗∫
X
Hn−k(ϕ−1(z)∩E)dHk(z) (Lip(ϕ))k ωn−kωk
ωn
Hn(E). (3.1)
Involving the fact that Hn(E) = 0 and estimating the exterior integrals, we obtain
0
∗∫
X
dHk(z)
∫
ϕ−1(z)∩E
dHn−k(u) =
∗∫
X
Hn−k(ϕ−1(z)∩E)dHk(z) 0.
Hence, ∫
X
dHk(z)
∫
ϕ−1(z)∩E
dHn−k(u) = 0. 
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Lip(E,X). Suppose that there exists a measurable set Z′ ⊂ Z such that the equality∫
ϕ−1(z)∩(Z\Z′)
dHn−k(u) = 0
holds for all z ∈ X and Hk(ϕ(Z′)) = 0. Then∫
X
dHk(z)
∫
ϕ−1(z)∩Z
dHn−k(u) = 0.
Proof. Put
ΞZ(z) =
∗∫
ϕ−1(z)∩Z
dHn−k(u).
Then
0
∗∫
X
ΞZ(z)dHk(z) =
∗∫
X
dHk(z)
∗∫
ϕ−1(z)∩Z
dHn−k(u)

∗∫
X
dHk(z)
∗∫
ϕ−1(z)∩Z′
dHn−k(u)+
∗∫
X
dHk(z)
∫
ϕ−1(z)∩(Z\Z′)
dHn−k(u) = 0,
and, consequently, ∫
X
dHk(z)
∫
ϕ−1(z)∩Z
dHn−k(u) = 0. 
Lemma 3.10. Assume that E ⊂ Rn is a measurable set, (X, dX) is a metric space, and ϕ ∈
Lip(E,X). Suppose that the coarea formula
0 =
∫
Z
Jk
(
MD(ϕ, x)
)
dx =
∫
X
dHk(z)
∫
ϕ−1(z)∩Z
dHn−k(u)
holds for the degeneration set Z. Then there exists a measurable set Z′ ⊂ Z such that the equality∫
ϕ−1(z)∩(Z\Z′)
dHn−k(u) = 0
holds for all z ∈ X and Hk(ϕ(Z′)) = 0.
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ΞZ(z) =
∫
ϕ−1(z)∩Z
dHn−k(u)
and A = {ΞZ(z) = 0}. ThenHk(A) = 0. By Theorem 3.2 there exists a Borel set B ⊃ A such that
Hk(B) =Hk(A) = 0. Hence, X\B and ϕ−1(X\B) are also Borel sets. Put Z1 = Z∩ϕ−1(X\B)
and Z′ = Z \ Z1. In this case, ϕ(Z1) ⊂ {ΞZ(z) = 0}, ϕ(Z′) ⊂ B , and Hk(ϕ(Z′)) = 0. The sets
ϕ(Z′) and ϕ(Z1) are disjoint. Indeed, ϕ(Z′) ⊂ B , and ϕ(Z1) ⊂ X \B . Therefore, every z ∈ ϕ(Z)
belongs either to ϕ(Z′) or to ϕ(Z1). Hence, if z ∈ ϕ(Z1) then ϕ−1(z)∩Z′ = ∅ and
0 = ΞZ(z) =
∫
ϕ−1(z)∩Z
dHn−k(u) =
∫
ϕ−1(z)∩Z1
dHn−k(u).
If z ∈ X \ ϕ(Z1) then ϕ−1(z)∩Z1 = ∅ and∫
ϕ−1(z)∩Z1
dHn−k(u) = 0. 
Remark 3.11. Using Lemmas 3.9 and 3.10, we see that the set Z can be decomposed into two
disjoint measurable sets: one of them does not influence the integral on the right-hand side of
the coarea formula and the Hk-measure of the image of the second equals zero if and only if the
coarea formula holds for this set.
Proposition 3.12. Thus, sets of the k-dimensional measure zero in the image and the n-
dimensional measure zero in the preimage do not influence the values of integrals.
4. The coarea formula and the structure of the image
The goal of this section is to prove the following result.
Theorem 4.1. (See [15].) Assume that E ⊂ Rn is a measurable set, (X, dX) is a metric space,
and ϕ ∈ Lip(E,X) is such that dim ker(MD(ϕ, x)) n− k almost everywhere. Suppose that the
coarea formula holds for every measurable subset A ⊂ E. Then there exists a set Σ ⊂ E such
that Hn(Σ) = 0 and ϕ(E \ (Z ∪Σ)) is an Hk-rectifiable set.
Note that, the detailed proof of Theorem 4.1 is given in [15]. Here we give a scheme of its
proof. The main idea is to split E up to a set of arbitrary small measure into measurable subsets so
that the image of each subset is equal to the one of some k-dimensional measurable set in Rk , i.e.,
it is Hk-rectifiable. To obtain the existence of such partition, we use Lemmas 4.6, 4.7 and 4.11.
To prove Lemma 4.6, we need Lemmas 4.2, 4.4 and 4.5. Lemma 4.10 is used in the proof of
Lemma 4.11.
Lemma 4.2. Let E ⊂ Rn be a measurable set and let (X, dX) be a metric space. If ϕ :E → X is
a Lipschitz mapping with dim ker(MD(ϕ, x)) = n− k almost everywhere, then the preimage of a
measurable set is measurable.
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Hk(S) = 0 and GB is a Borel set. As ϕ is a Lipschitz mapping and, consequently, is continuous,
the preimage ϕ−1(GB) is also a Borel set. By Lemma 3.7, we have Hn(ϕ−1(S)) = 0. Thus, the
preimage of a measurable set is measurable. 
Corollary 4.3. From the proofs of Lemmas 3.7 and 4.2, we see that, for every set A ⊂ X with
Hk(A) = 0, there exists a Borel set B ⊃ A of Hk-measure zero whose preimage can be repre-
sented as the union of a measurable subset of Z and a set of Hn-measure zero.
Lemma 4.4. Suppose that E is a measurable set in Rn, X is a metric space, and a mapping
ϕ ∈ Lip(E,X) is such that dim ker(MD(ϕ, x))  n − k almost everywhere. Then there exists
c > 0 such that MD(ϕ, x)(u) c for all x ∈ E and u ∈ Sk−1 ⊂ (ker(MD(ϕ, x)))⊥.
Proof. By item II and the arguments of item IV of Theorem 2.3, we conclude that, for every
point x ∈ E, there exists r(x) > 0 such that MD(ϕ, y)(u) c(x) > 0 for all y ∈ Q(x, r(x)) ∩ E
and u ∈ (ker(MD(ϕ, x)))⊥ ∩ Sn−1. Assume without loss of generality that r(x) < R < ∞
for all x ∈ E. Every u ∈ (ker(MD(ϕ, x)))⊥, |u| = 1, can be represented uniquely as u =
α1v1 + α2v2, where 0  α1, α2  1, v1 ∈ (ker(MD(ϕ, y)))⊥, v2 ∈ ker(MD(ϕ, y)), |v1| =
|v2| = 1. Moreover, for each unit v1 ∈ (ker(MD(ϕ, y)))⊥, there exist corresponding unit vec-
tors u ∈ (ker(MD(ϕ, x)))⊥ and v2 ∈ ker(MD(ϕ, y)), and the relations
c(x)MD(ϕ, y)(α1v1 + α2v2) = α1MD(ϕ, y)(v1)
and MD(ϕ, y)(v)  c(x) hold for all y ∈ Q(x, r(x)) ∩ E and v ∈ (ker(MD(ϕ, y)))⊥. The open
cubes {Q(x, r(x))} form an open covering of the compact set E. Choose a finite subcovering
Q(x1, r(x1)), . . . ,Q(xK, r(xK)) of this covering and put c = min1iK c(xi). The lemma is
proved. 
Lemma 4.5. Suppose that E ⊂ Rn is a measurable set, (X, dX) is a metric space, and ϕ ∈
Lip(E,X) is such that dim ker(MD(ϕ, x))  n − k almost everywhere. For each ε > 0, there
exists δ > 0 such that ker(MD(ϕ, y)) ∩ Sn−k−1 is a subset of the ε-neighborhood of the set
ker(MD(ϕ, x))∩ Sn−k−1 if |x − y| < δ, x, y ∈ E. By another words, if x, y ∈ E and |x − y| < δ,
then for each u ∈ ker(MD(ϕ, y)) there exists v ∈ ker(MD(ϕ, x)) such that |u− v| < ε.
Proof. By Lemma 4.4, c  MD(ϕ, x)(u)  Lip(ϕ) for all u ∈ (ker(MD(ϕ, x)))⊥. Next, every
u ∈ Sn−1 can be represented uniquely as u = α1v1 + α2v2, where 0  α1, α2  1, v1 ∈
(ker(MD(ϕ, x)))⊥, v2 ∈ ker(MD(ϕ, x)), |v1| = |v2| = 1. Fix ε ∈ (0,1). Let δ > 0 be such that,
for all x, y ∈ E, |x − y| < δ, u ∈ Sn−1, we have
∣∣MD(ϕ, x)(u)− MD(ϕ, y)(u)∣∣< cε
12
.
On the one hand, from the equality MD(ϕ, x)(u) = α1MD(ϕ, x)(v1) it follows that
MD(ϕ, y)(u) < cε6 if α1 <
cε
12 Lip(ϕ) . On the other hand, MD(ϕ, y)(u) >
cε
3 if α1 >
ε
2 . There-
fore, Sn−1  u = α1v1 + α2v2 can belong to ker(MD(ϕ, y)) only if α1  ε2 , from which the
existence of δ > 0 follows. 
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Lip(E,X) is such that dim ker(MD(ϕ, x)) = n − k almost everywhere. Assume that the coarea
formula ∫
A
Jk
(
MD(ϕ, x)
)
dx =
∫
X
dHk(z)
∫
ϕ−1(z)∩A
dHn−k(u) (4.1)
holds for any measurable subset A ⊂ E. Then, for each E ⊂ E, there exists m0 ∈ N such that the
function
Φm(x) = m
n−k
2n−k
∫
ϕ−1(ϕ(x))∩Q(x,1/m)∩E
dHn−k(u)
is measurable on E for every mm0, m ∈ N. Here the faces of the cube Q(x,1/m) are either
parallel or orthogonal to ker(MD(ϕ, x)).
Proof. I. From the validity of the coarea formula (4.1) it follows that the function
ΞA(z) =
∫
ϕ−1(z)∩A
dHn−k(u)
is measurable on X for every measurable subset A ⊂ E. The function ΘA(x) = ΞA(ϕ(x)) is also
measurable, since ϕ is a Lipschitz mapping, dim ker(MD(ϕ, x)) = n− k, and, hence, Lemma 4.2
implies the measurability of the preimage ϕ−1(G) for every measurable G ⊂ X.
Fix E ⊂ E. Applying arguments similar to those in the proof of the Preimage-of-a-Point Theo-
rem (see 1.2), we can find a sequence {Di}i∈N of compact subsets of E meeting the conditions of
Theorem 2.3. From now on, without loss of generality, we investigate the measurability of Φm(x)
on a fixed set D = Di , D ⊃ E, instead of E. For ε < c2 , where c is the constant of Lemma 4.4, con-
sider r(ε) such that |MD(ϕ, x)(u)−MD(ϕ, y)(u)| < ε for all u ∈ Sn−1, x, y ∈ D, |x −y| < r(ε).
Since D is compact, there exists r0 ∈ (0, r(ε)) such that every cube of radius not exceeding r0
lies in one of the cubes in the finite covering constructed in Lemma 4.4.
Fix m0 ∈ N such that
1
m0
<
r0
3 diam(Q1)
,
where Q1 is the unit cube in Rn. Below we suppose that m  m0. Then every cube of radius
3 diam(Q1)
2m belongs to one of the cubes in the finite covering of Lemma 4.4.
II. Show that, for each m ∈ N, m  m0, there exists a sequence of measurable functions
converging to Φm almost everywhere.
Fix m ∈ N, m  m0, and cover D with a finite collection of cubes Q1(x1), . . . , QM(xM) of
radii 1
m
with disjoint interiors. Then, by what was said at the beginning of the proof, the function
Φ
Qj
m (y) = m
n−k
2n−k
∫
ϕ−1(ϕ(y))∩Qj∩E
dHn−k(u)
is measurable for every fixed j = 1, . . . ,M .
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disjoint interiors. Choose yj,l ∈ Qj,l ∩ D if Qj,l ∩ D = ∅. Consider measurable functions
Ψq,m(y) = m
n−k
2n−k
∫
ϕ−1(ϕ(y))∩Q(yj,l , 1m )∩E
dHn−k(u) if y ∈ Qj,l, y ∈ Qj,l ∩ E,
q ∈ N, m  m0. Here the faces of Q(yj,l,1/m) are either parallel or orthogonal to
ker(MD(ϕ, yj,l)). By choice of m ∈ N, all the Qj,l’s belong to one of the cubes of the finite
covering constructed in Lemma 4.4. Then the functions Φm(y) and Ψq,m(y) are finite, and
|Ψq,m(y) − Φm(y)| C(n − k, q) · ( 1α(y) )n−k , where α(y) is defined in item V of Theorem 2.3
and depends only on the cube of the finite covering constructed in Lemma 4.4 that contains y,
and on the level set ϕ−1(ϕ(y)). Moreover, we have
C(n− k, q) = O
(
Hn−k
(
Qn−k
(
0,
1
m
)
ΔQn−k
(
2
√
n
qm
,
1
m
)))
→ 0 as q → ∞
in view of the continuity of MD(ϕ, x) and Lemma 4.5. Thus, |Ψq,m(y)−Φm(y)| → 0 as q → ∞
for almost all y ∈ D, and, consequently, Φm(x) is measurable. 
Lemma 4.7 shows that the level sets can be made close enough to (n− k)-dimensional plains.
Lemma 4.7. Suppose that E ⊂ Rn is a measurable set, (X, dX) is a metric space, and ϕ ∈
Lip(E,X) is such that dim ker(MD(ϕ, x)) n− k almost everywhere. Then{∣∣Pr(ker(MD(ϕ,x)))⊥(y − v)∣∣: ϕ(y) = ϕ(v), y, v ∈ Q(x, r)}= o(|y − v|),
where y, v ∈ Q(x, r) ∩ E, o(·) depends on r > 0 small enough, and it is uniform in x ∈ E. Here
the faces of the cube Q(x, r) are either parallel or orthogonal to ker(MD(ϕ, x)).
Proof. Show that if y, v → x, where y, v, x ∈ E and ϕ(y) = ϕ(v) = ϕ(x), then the quantity
|y − v| on this level set is uniformly close to the distance between their orthogonal projections
onto ker(MD(ϕ, x)).
This is equivalent to the following: for each ε ∈ (0,1), there exists r > 0 such that
|y−v|
|π(y)−π(v)| < 1 + ε for all x ∈ E and y, v ∈ ϕ−1(ϕ(x)) ∩ Q(x, r) ∩ E, where π is the map-
ping of Theorem 2.3. Assume the contrary. Consider ε ∈ (0,1), r > 0, for which (2.1) holds for
c
√
ε
4 , where c > 0 is the constant of Lemma 4.4, and x ∈ E, y, v ∈ ϕ−1(ϕ(x))∩Q(x, r)∩ E such
that |y−v||π(y)−π(v)|  1 + ε. Put k = Pr(ker(MD(ϕ,x)))⊥(y − v) and m = Prker(MD(ϕ,x))(y − v). Since
the mapping Prker(MD(ϕ,x)) is linear, m = π(y)−π(v). Therefore, from the hypothesis and (2.1),
we infer
|y − v|2 = |k|2 + |m|2  |k|2 + |y − v|
2
(1 + ε)2 ,
|k|2  |y − v|2
(
1 − 1
(1 + ε)2
)
 |y − v|2 2ε
(1 + ε)2 ,
MD(ϕ, x)(k) = MD(ϕ, x)(y − v) c
√
ε |y − v|.4
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MD(ϕ, x)(u)|(ker(MD(ϕ,x)))⊥∩Sn−1 is separated from 0. 
Corollary 4.8. Suppose that E ⊂ Rn is a measurable set, (X, dX) is a metric space, and ϕ ∈
Lip(E,X) is such that dim ker(MD(ϕ, x)) n− k almost everywhere. Then
sup
{∣∣Pr(ker(MD(ϕ,x)))⊥(y − v)∣∣: ϕ(y) = ϕ(v), y, v ∈ Q(x, r)}= o(r),
where y, v ∈ Q(x, r)∩E, r → 0, and o(·) is uniform in x ∈ E. Here the faces of the cube Q(x, r)
are either parallel or orthogonal to ker(MD(ϕ, x)).
Theorem 4.9. (See [8].) Let A ⊂ Rn be an Hm-rectifiable set of finite Hm-measure. Then
lim
r→0
Hm(B(x, r)∩A)
Hm(Bm(x, r)) = 1 (4.2)
for Hm-almost all x ∈ A, where Bm(x, r) is the m-dimensional ball of radius r centered at x.
Lemma 4.10. The relation
lim
r→0
Hn−k(Q(x, r)∩ ϕ−1(z)∩ E)
Hn−k(Qn−k(x, r)) = 1
holds on each level set ϕ−1(z) ∩ E for Hn−k-almost x ∈ E ∩ ϕ−1(z), where Q(x, r) is a cube
whose faces are either parallel or orthogonal to ker(MD(ϕ, x)), and Qn−k(x, r) is an (n − k)-
dimensional cube of radius r with center at x.
Proof. In view of Theorem 2.3, the set ϕ−1(z)∩E satisfies the conditions of Theorem 4.9. From
now on, in this proof, we will understand ϕ−1(z) as a subset of E. Consider the level set ϕ−1(z)
and a point x ∈ ϕ−1(z) such that (4.2) holds, and fix ε > 0. Applying Lemma 4.7 and (4.2),
consider r > 0 such that
(1 + ε)∣∣π(y)− π(v)∣∣ |y − v| ∣∣π(y)− π(v)∣∣ (4.3)
for y, v ∈ ϕ−1(z)∩Q(x, r)∩ E, where π is the mapping of Theorem 2.3, and∣∣∣∣Hn−k(B(x, r)∩ ϕ−1(z))Hn−k(Bn−k(x, r)) − 1
∣∣∣∣< ε. (4.4)
Let Q(x, r/
√
n ) be an n-dimensional cube of radius r/
√
n whose faces are parallel or orthogonal
to ker(MD(ϕ, x)). We have Q(x, r/
√
n ) ⊂ B(x, r). Estimate the quantity
Hn−k(Q(x, r/√n )∩ ϕ−1(z))
Hn−k(Qn−k(x, r/
√
n ))
.
Put Δ = B(x, r) \Q(x, r/√n ) and Δn−k = (B(x, r) \Q(x, r/√n ))∩ (x + ker(MD(ϕ, x))).
Using (4.3), we infer
Hn−k(ϕ−1(z)∩Δ) (1 + ε)n−kHn−k(Δn−k). (4.5)
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Hn−k(Q(x, r/√n )∩ ϕ−1(z))=Hn−k(B(x, r)∩ ϕ−1(z))−Hn−k(Δ∩ ϕ−1(z)).
Hence, from (4.4), (4.3) and (4.5) we have
Hn−k(Q(x, r/√n )∩ ϕ−1(z))
 (1 − ε)Hn−k(Bn−k(x, r))− (1 + ε)n−kHn−k(Δn−k)
Hn−k(Qn−k(x, r/√n ))+C1ε ·Hn−k(Bn−k(x, r))
and
Hn−k(Q(x, r/√n )∩ ϕ−1(z))
 (1 + ε)n−kHn−k(Qn−k(x, r/√n ))
Hn−k(Qn−k(x, r/√n ))+C2ε ·Hn−k(Qn−k(x, r/√n )),
where ε → 0 as r → 0. Letting r tend to 0, the lemma follows. 
Lemma 4.11. Suppose that E ⊂ Rn is a measurable set, (X, dX) is a metric space, and
ϕ ∈ Lip(E,X) is such that dim ker(MD(ϕ, x))  n − k almost everywhere. Assume that the
coarea formula holds for every measurable subset A ⊂ E. Then, for each ε > 0, there exists
a measurable set ΣE ⊂ E such that Hn(ΣE) < ε and
1
2n−krn−k
∫
ϕ−1(ϕ(x))∩Q(x,r)∩E
dHn−k(u) = 1 + o(1)
for every x ∈ E \ΣE as r → 0 and o(1) is uniform on E \ΣE. Here the faces of the cube Q(x, r)
are either parallel or orthogonal to ker(MD(ϕ, x)).
Proof. Consider the measurable functions
Φm(x) =
(
m
2
)n−k
Hn−k
(
ϕ−1
(
ϕ(x)
)∩Q(x, 1
m
))
, m ∈ N.
Then the functions Φ0(x) = limm→∞ Φm(x) and Φ0(x) = limm→∞ Φm(x) are also measurable.
Hence, the sets
D = {x ∈ E: Φ0(x) = Φ0(x)}= {x ∈ E: ∃ lim
m→∞Φm(x)
def= Φ(x)}
and {x ∈ D: Φ(x) = 1} are measurable. Since ϕ−1(z) ∩ E is Hn−k-rectifiable set and
Hn−k(ϕ−1(z) ∩ E) < ∞, it follows that, by Lemma 4.10, Hn−k(ϕ−1(z) \ D) = 0 for all z ∈ X.
Hence, Hn(E \D) = 0 by the coarea formula, and, Φm(x) → 1 on E almost everywhere. Using
Egorov’s theorem, remove some set ΣE of measure not exceeding ε such that the functions Φm
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m0 ∈ N such that |Φm(x)− 1| < ε for all m ∈ N, mm0, and x ∈ E \ΣE.
Hence,
1
2n−krn−k
∫
ϕ−1(ϕ(x))∩Q(x,r)∩E
dHn−k(u) = 1 + o(1),
as r → 0, x ∈ E \ΣE, where o(1) is uniform on E \ΣE. 
Remark 4.12. Consider a point x ∈ E, the level set ϕ−1(ϕ(x))∩E, and a cube Q(x, r) with faces
parallel or orthogonal to ker(MD(ϕ, x)). Notice that ϕ−1(ϕ(x)) ∩ E ∩ Q(x, r) is a subset of an
o(r)-neighborhood of the set (x + ker(MD(ϕ, x))) ∩ Q(x, r). Consider a cube Q(y, r), where
the point y is obtained from the point x by adding a vector of (ker(MD(ϕ, x)))⊥. If |x − y| <
r − |o(r)| then, by Lemma 4.7, we have ϕ−1(ϕ(x))∩Q(x, r)∩ E = ϕ−1(ϕ(x))∩Q(y, r)∩ E.
5. The m-coarea factor and the structure of the image
In this section, we consider item 5 of Theorem 1.3. In proofs of the main results of this section,
we use Lemmas 5.1–5.3.
Lemma 5.1. (See Besicovitch’s lemma [10].) Let A be a bounded set in Rn. Suppose that, for
each x ∈ A, there exists a closed cube Q(x) of a radius not exceeding R (0 < R < ∞) with
center at x. Then there exists an at most countable sequence {Qk} ⊂ {Q(x)}x∈A such that
(1) this sequence covers A, i.e., A ⊂⋃k Qk ;
(2) every point in Rn is contained in at most M(n) cubes of the sequence {Qk}, i.e.,∑
k χQk (y)M(n) for all y ∈ Rn, where M(n) depends only on n;
(3) the sequence {Qk} can be decomposed into ξ(n) families of disjoint cubes, where ξ(n) de-
pends only on n.
Lemma 5.2. (See [17].) Let ‖ · ‖ be a norm on Rn. Then
Hn‖·‖(A) = J
(‖ · ‖)Hn(A)
for all measurable sets A ⊂ Rn, where
J (‖ · ‖)= ωnn
( ∫
Sn−1
‖u‖−n dHn−1(u)
)−1
.
In the following lemma, EU ⊂ E ⊂ Rn stands for the set consisting of linear density points of
E in all directions u ∈ U . We remark [8] that Hn(EU ) =Hn(E).
Lemma 5.3 (The Tangent Mapping Lemma [13]). Assume that E ⊂ Rn and E ⊂ E are mea-
surable sets, (X, dX) is a metric space, and ϕ ∈ Lip(E,X). Suppose that MD(ϕ, x)(u) = 0
for all x ∈ EU ∩ E , MD(ϕ, x)(u) is continuous on EU ∩ E , and the “difference quotients”
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on E . Then the relation
∣∣dX(ϕ(y),ϕ(z))− MD(ϕ, x)(y − z)∣∣= o(MD(ϕ, x)(y − z)) (5.1)
holds for all x, y, z ∈ EU ∩ E such that y, z ∈ B(x, r). If K ⊂ EU ∩ E is a compact set, then the
o(1) is uniform on K .
Theorem 5.4. Let E ⊂ Rn be a measurable set, let (X, dX) be a metric space, and let ϕ ∈
Lip(E,X). Suppose that the equality
Jk
(
MD(ϕ, x)
)= lim
r→0
Hk(ϕ(B(x, r)))
Hk(Bk(x, r)) , (5.2)
where Bk is a k-dimensional ball, holds on a compact set K ⊂ E ⊂ Rn such that every x ∈ K
is a k-dimensional density point of E in all directions Lν ∈ L and dim ker(MD(ϕ, x)) = n − k.
Then ϕ(K) is an Hk-rectifiable metric space.
Proof. Since dim ker(MD(ϕ, x)) = n − k, it follows that Jk(MD(ϕ, x)) = 0. First, fix ε0 > 0.
Equality (5.2) implies that, for each x ∈ K , there exist r(x, ε0) > 0 and ν = ν(x, ε0) ∈ N such
that
Hk(ϕ(B(x, r)))
Hk(ϕ(Bk,ν(x, r))) < 1 + ε0
at r  r(x, ε0), where Bk,ν is a k-dimensional ball lying in x + Lν and Lν is close to
ker(MD(ϕ, x))⊥. Hence,
Hk(ϕ(B(x, r)))< (1 + ε0)Hk(ϕ(Bk,ν(x, r))).
The open balls {B(x, r): x ∈ K , 0 < r  r(x, ε0) < diam(K)} form an open covering of the
compact set K . Note that, by choice of the balls, we have C = supx,r {Hk(ϕ(B(x, r)))} < ∞.
Choose a finite system B0 = {B(xl, rl)}Ll=1 such that K ⊂
⋃L
l=1 B(xl, rl). Then ϕ(K) ⊂⋃L
l=1 ϕ(B(xl, rl)),
Hk(ϕ(K)) L∑
l=1
Hk(ϕ(B(xl, rl)))< (1 + ε0) L∑
l=1
Hk(ϕ(Bk,νl (xl, rl)))< ∞,
where νl corresponds to xl , and
Hk
(
ϕ(K) \
L⋃
l=1
ϕ
(
Bk,νl (xl, rl)
))
Hk
(
L⋃
l=1
ϕ
(
B(xl, rl)
) \ L⋃
l=1
ϕ
(
Bk,νl (xl, rl)
))
Hk
(
L⋃
ϕ
(
B(xl, rl)
) \ ϕ(Bk,νl (xl, rl))
)l=1
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L∑
l=1
Hk(ϕ(B(xl, rl)) \ ϕ(Bk,νl (xl, rl)))
=
L∑
l=1
Hk(ϕ(B(xl, rl)))−Hk(ϕ(Bk,νl (xl, rl)))
< ε0
L∑
l=1
Hk(ϕ(Bk,νl (xl, rl)))
 ε0
L∑
l=1
Hk(ϕ(B(xl, rl))).
Next, at ε < ε0, ε → 0, we may assume without loss of generality, that we choose from
{B(x, r): x ∈ K , 0 < r  r(x, ε) < diam(K)} only the balls which are contained in ⋃B0. From
here we have
Hk
(
ϕ(K) \
L(ε)⋃
l=1
ϕ
(
Bk,νl (xl, rl)
))
 ε
L(ε)∑
l=1
Hk(ϕ(B(xl, rl)))
 ε ·M(n)
∑
B(xl ,rl )∈B0
Hk(ϕ(B(xl, rl)))→ 0 at ε → 0,
where the constant M(n) of Lemma 5.1 depends only on the dimension. The theorem fol-
lows. 
Theorem 5.5. Assume that E ⊂ Rn is a measurable set, (X, dX) is a metric space, ϕ ∈
Lip(E,X), and dim ker(MD(ϕ, x)) = n − k almost everywhere. Suppose that, on each inter-
section E ∩ B(0, s), s ∈ R, for each ε > 0, there exists a measurable set Σε ⊂ E such that
Hn(Σε) < ε and the equality
Jk
(
MD(ϕ, x)
)= lim
r→0
Hk(ϕ(B(x, r) \Σε))
Hk(Bk(x, r))
holds everywhere on the compact set E ∩ B(0, s) \ Σε . Then there exists a set Σ ⊂ E,
Hn(Σ) = 0, such that ϕ(E \Σ) is an Hk-rectifiable metric space.
Setting sm = m, εm = 1m , Km = E ∩ B(0,m) \ Σ 1m , Σ =
⋂
m∈NΣ 1
m
and representing E as
E =⋃m∈N(E ∩B(0,m)), from Theorem 5.4 with E \Σε instead of E, we obtain Theorem 5.5.
Theorem 5.6. Assume that E ⊂ Rn is a measurable set, (X, dX) is a metric space and ϕ ∈
Lip(E,X). Suppose that for each intersection E ∩ B(0, s), s ∈ R, and each ε > 0, there ex-
ists a measurable set Σε ⊂ E ∩ B(0, s) and a collection of compact sets {Ki}i∈N such that
Hn(Σε) < ε, (E ∩B(0, s)) \ (Σε ∪Z) ⊂⋃i∈NKi , and the equality
lim
ν→∞ limr→0
Hk(ϕ|Ki (B(x, r) \ (Z ∪Σε)))
Hk(ϕ| (B (x, r) \ (Z ∪Σ ))) = 1, (5.3)Ki k,ν ε
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ν→∞(ker(MD(ϕ, x)))
⊥
,
holds almost everywhere on (E ∩ B(0, s) ∩ Ki) \ (Σε ∪ Z) for all i ∈ N. Then, X is a union of
an Hk-rectifiable metric space, ϕ(Z) and an image of a set of measure zero.
Proof. Fix ε > 0. Put E = E \ Z, Ei = Ki ∩ E \ Σε and ϕi = ϕ|Ei . Denote by ΣEi the
subset of Ki of measure zero on which (5.3) does not hold and on which Jk(MD(ϕi, x)) =
limr→0 H
k(ϕi (Bk,ν (x,r)))
Hk(Bk(x,r)) . Next, choose a sequence {Eij }j∈N of compact sets Eij ⊂ Ei \ΣEi with
Hn((Ei \ΣEi ) \Eij ) < 1j , j ∈ N. Thus, we have
Jk
(
MD(ϕi, x)
)= lim
r→0
Hk(ϕi(B(x, r)))
Hk(Bk(x, r))
everywhere on Eij ∩B(0, s) for all j ∈ N. From here and from Theorems 5.4 and 5.5 we obtain
the existence of a set Σ ⊂ E ofHn-measure zero and theHk-rectifiability of ϕ(E \(Σ∪Z)). 
Lemma 5.7. Assume that E ⊂ Rn and A ⊂ Rk are measurable sets, K ⊂ E is a compact set,
and X is a metric space such that X = α(A), where α :A → X is a bi-Lipschitz continuously m-
differentiable mapping on A. Suppose also that ϕ ∈ Lip(E,X) is a continuously m-differentiable
mapping on E and α−1 ◦ ϕ ∈ Lip(E,A) is a continuously differentiable mapping. Assume that
every point x ∈ K is a k-dimensional density point of E in every Lν ∈ L. Then
lim
r→0
Hk((α−1 ◦ ϕ)(B(x, r)∩E))
Hk(Bk(x, r)) = Jk
(
α−1 ◦ ϕ,x)
for all x ∈ K .
Proof. Consider x ∈ K and Lν close to (ker(D(α−1 ◦ ϕ)(x)))⊥. Put Bk,ν(r) = B(x, r) ∩
(x + Lν). Note that, Jk(α−1 ◦ ϕ,x) = limν→∞Jk(α−1 ◦ ϕ|x+Lν , x) for all x ∈ K .
Using the Kirszbraun Extension Theorem, extend the mapping α−1 ◦ ϕ to a C1-mapping
defined on Rn. Denote this extension by ψ . The mapping α−1 ◦ ϕ|Bk,ν (r) is bi-Lipschitz if
r > 0 is small enough. Since the partial derivatives of ψ coincide Hk-almost everywhere on
Bk,ν(r) ∩ E with those of α−1 ◦ ϕ and these partial derivatives are uniformly continuous on
the compact set Bk,ν(r) if r > 0 is sufficiently small, the restriction ψ |Bk,ν (r) is bi-Lipschitz.
Hence, MD(ψ |Bk,ν (r), x) is a norm on Rk . Moreover, for y ∈ K we have Jk(ψ |x+Lν , y) =
Jk(α−1 ◦ ϕ,y) + δ(y, ν), where δ(y, ν) → 0 as ν → ∞. In particular, Jk(ψ |x+Lν , x) =
Jk(α−1 ◦ ϕ,x)+ δ(x, ν).
Recall that ψ is defined on Rn. From Lemma 5.2 it follows that
HnMD(ψ |x+Lν ,x)(D) = J
(
MD(ψ |x+Lν , x)
)Hk(D)
for every measurable D ⊂ Bk,ν(r). By Lemma 5.3, we have
(
1 − o(1))kHkMD(ψ |x+Lν ,x)(D)Hk(ψ(D)) (1 + o(1))kHkMD(ψ |x+Lν ,x)(D)
(here the Hausdorff measure HkMD(ψ |x+Lν ,x) is considered with respect to the metric defined by
the norm MD(ψ |x+Lν , x) on Rk). Hence,
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(1 + o(1))kHkMD(ψ |x+Lν ,x)(Bk,ν(r))
 H
k(ψ(Bk,ν(r)∩E)
Hk(ψ(Bk,ν(r)))

(1 + o(1))kHkMD(ψ |x+Lν ,x)(Bk,ν(r)∩E)
(1 − o(1))kHkMD(ψ |x+Lν ,x)(Bk,ν(r))
,
where o(r) → 0 as r → 0. Therefore,
lim
r→0
Hk(ψ(Bk,ν(r)∩E)
Hk(ψ(Bk,ν(r))) = limr→0
HkMD(ψ |x+Lν ,x)(Bk,ν(r)∩E)
HkMD(ψ |x+Lν ,x)(Bk,ν(r))
= lim
r→0
J (MD(ψ |x+Lν , x))Hk(Bk,ν(r)∩E)
J (MD(ψ |x+Lν , x))Hk(Bk,ν(r))
= 1 (5.4)
since x ∈ K is a density point of E in the k-dimensional direction Lν . Thus,
Jk
(
α−1 ◦ ϕ|x+Lν , x
)= lim
r→0
Hk(ψ(Bk,ν(r)∩E)
Hk(Bk(x, r)) = limr→0
Hk(ψ(Bk,ν(r))
Hk(Bk(x, r)) .
It is left to prove that Hk(ψ(Bk,ν(r)) can be replaced by Hk(ψ(B(x, r)). Next, the image
of the boundary of a k-dimensional sphere under ψ is the boundary of the image. Show that
∂(ψ(B(x, r))) is a subset of (o(r)+ rδ(x, ν))-neighborhood of ∂(ψ(Bk,ν(x, r))).
Note that, ψ(x + ru) = ψ(x) + Dψ(x)(ru) + o(r), where u ∈ Sn−1. From here it follows
that ∂(ψ(Bk,ν(x, r))) is a subset of o(r)-neighborhood of ψ(x) + ∂(Dψ(x)(Bk,ν(0, r))), and
ψ(x) + ∂(Dψ(x)(Bk,ν(0, r))) is a subset of o(r)-neighborhood of ∂(ψ(Bk,ν(x, r))). The same
is true for B(x, r). Thus, it is sufficient to show that ∂(Dψ(x)(B(0, r))) is a subset of rδ(x, ν)-
neighborhood of ∂(Dψ(x)(Bk,ν(0, r))). Here o(r) → 0 as r → 0 and δ(x, ν) → 0 as ν → ∞.
Since every unit vector u ∈ Sn−1 can be uniquely represented as u = α1v1 + α2v2, where
0 α1, α2  1, v1 ∈ (ker(MD(ψ,x)))⊥, v2 ∈ ker(MD(ψ,x)), |v1| = |v2| = 1, it follows that
Dψ(x)(u) = Dψ(x)(α1v1 + α2v2) = α1Dψ(x)(v1).
Thus, we have that, for each u ∈ Sn−1, there exists v1 ∈ (ker(MD(ψ,x)))⊥ ∩ Sn−1 such that
Dψ(x)(u) = α1Dψ(x)(v1), α1  1. Consequently, ∂(Dψ(x)(B(0, r))) = ∂(Dψ(x)(B(0, r) ∩
(ker(MD(ψ,x)))⊥)). In particular, every unit vector u ∈ Lν can be uniquely represented this
way. Note that, α2 → 0 and α1 → 1 as ν → ∞, and∣∣Dψ(x)(u)−Dψ(x)(v1)∣∣= ∣∣Dψ(x)(α1v1)−Dψ(x)(v1)∣∣ Lip(ϕ)(1 − α1) → 0
as ν → ∞.
Therefore, for each u ∈ Lν , there exists v1 ∈ (ker(MD(ψ,x)))⊥ ∩Sn−1 such that∣∣Dψ(x)(u)−Dψ(x)(v1)∣∣ δ(x, ν),
where δ(x, ν) → 0 as ν → ∞.
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∂(ψ(Bk,ν(x, r))). Note that Hk(ψ(∂Bk,ν(x, r))) = 0 and Hk−1(ψ(∂Bk,ν(x, r))) < ∞. Conse-
quently, Hk(ψ(B(x, r)) \ ψ(Bk,ν(x, r))) = o(rk) + rkδ(x, ν) as r → 0. Passage to the limit as
ν → ∞ yields the lemma:
Jk
(
α−1 ◦ ϕ,x)= lim
ν→∞Jk
(
α−1 ◦ ϕ|x+Lν , x
)= lim
ν→∞ limr→0
Hk(ψ(Bk,ν(r)∩E)
Hk(Bk(x, r))
= lim
r→0
Hk(ψ(B(x, r)∩E)
Hk(Bk(x, r)) = limr→0
Hk((α−1 ◦ ϕ)(B(x, r)∩E)
Hk(Bk(x, r)) ,
in view of the inclusion(
α−1 ◦ ϕ)(Bk,ν(r))= ψ(Bk,ν(r)∩E)⊂ (α−1 ◦ ϕ)(B(x, r)∩E)⊂ ψ(B(x, r))
and relation (5.4). 
Theorem 5.8. Suppose that E ⊂ Rn is a measurable set, ϕ ∈ Lip(E,X), and X is a union of an
Hk-rectifiable metric space and an image of a set Σ withHn(Σ) = 0. Then, for each intersection
E ∩ B(0, s), s ∈ R, and each ε > 0, there exists a measurable set Σε ⊂ E ∩ B(0, s) and a
collection of compact sets {Ki}i∈N such thatHn(Σε) < ε, (E ∩B(0, s)) \ (Σε ∪Z) ⊂⋃i∈NKi ,
and the equality
lim
ν→∞ limr→0
Hk(ϕ|Ki (Bk,ν(x, r) \ (Z ∪Σε)))
Hk(ϕ|Ki (B(x, r) \ (Z ∪Σε)))
= 1,
where Bk,ν(x, r) is a k-dimensional ball of radius r in x +Lν ⊂ Rn, Lν −→
ν→∞(ker(MD(ϕ, x)))
⊥
,
holds almost everywhere on (E ∩B(0, s)∩Ki) \ (Σε ∪Z) for all i ∈ N.
Proof. Fix s ∈ R. Below we assume without loss of generality that E ⊂ B(0, s). The proof of
Theorem 1.2 and [15] imply that there exists a compact subset E ⊂ E satisfying the conditions of
Theorem 2.3 with Hn((E \Z) \ E) < ε, in particular, dim ker(MD(ϕ, x)) n− k almost every-
where. Put Σε = (E \Z)\E. By Lemma 3.7, we may assume that Σ ⊂ E \E. From the definition
of an Hk-rectifiable metric space and Lemma 3.7 it follows that we can suppose that X = α(A),
where A ⊂ Rk is a compact set, and α :A → X is a continuously m-differentiable bi-Lipschitz
mapping. Moreover, we may assume that E is such that α−1 ◦ ϕ is a continuously differentiable
mapping, and E = ϕ−1 ◦α(A). Choose a sequence of k-dimensional directions {Lν}ν∈N converg-
ing to (ker(MD(ϕ, x)))⊥ as ν → ∞. Note that, almost every x ∈ E is a k-dimensional density
point of E in the direction Lν . Take such a point x ∈ E. Put Vν = ϕ(Bk,ν(x, r) ∩ E), where
Bk,ν(x, r) is a k-dimensional ball of radius r in x + Lν ⊂ Rn, and U = ϕ(B(x, r) ∩ E). We see
that, U = α(α−1(U)), MD(α, y) is a norm on Rk , and by Lemma 5.2
HkMD(α,y)
(
α−1(U)
)= J (MD(α, y))Hk(α−1(U)). (5.5)
Consider the set AU (see the definition in the beginning of the section). Note that [8],
Hk(A \ AU ) = 0. Since α possesses the N -property, then the set A \ AU does not influence
the result of (5.7) (see below), and we may assume without loss of generality that α−1(U) ⊂ AU
and α−1(Vν) ⊂ AU for all ν ∈ N.
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(
1 − o(1))kHkMD(α,y)(α−1(U))Hk(U) (1 + o(1))kHkMD(α,y)(α−1(U)).
Similarly, we obtain the same result for V :
(
1 + o(1))kHkMD(α,y)(α−1(Vν))Hk(Vν) (1 − o(1))kHkMD(α,y)(α−1(Vν)).
Hence,
(1 − o(1))kHkMD(α,y)(α−1(U))
(1 + o(1))kHkMD(α,y)(α−1(Vν))
 H
k(U)
Hk(Vν) 
(1 + o(1))kHkMD(α,y)(α−1(U))
(1 − o(1))kHkMD(α,y)(α−1(Vν))
. (5.6)
By (5.5), Lemma 5.7, the fact that Jk(MD(α−1 ◦ϕ,x)) = limν→∞Jk,ν(MD(α−1 ◦ϕ,x)), where
Jk,ν
(
MD
(
α−1 ◦ ϕ,x)) def= ωkk
( ∫
Sn−1∩Lν
[
MD
(
α−1 ◦ ϕ,x)(u)]−k dHk−1(u))−1,
and the relation
Jk,ν
(
MD
(
α−1 ◦ ϕ,x))= lim
r→0
Hk((α−1 ◦ ϕ)(Bk,ν(x, r)∩ E))
Hk(Bk(x, r))
we have
lim
ν→∞ limr→0
Hk(α−1(Vν))
Hk(α−1(U)) = 1. (5.7)
Since o(1) → 0 as r → 0, we have
lim
ν→∞ limr→0
Hk(ϕ(Bk,ν(x, r)∩ E))
Hk(ϕ(B(x, r)∩ E)) = limν→∞ limr→0
HkMD(α,y)(α−1(Vν))
HkMD(α,y)(α−1(U))
= lim
ν→∞ limr→0
Hk(α−1(Vν))
Hk(α−1(U)) = 1.
In the general case, when Hk(X \ αj (Aj )) = 0, we obtain the existence of a collection of
compact sets {Ki}i∈N by representing Aj as a union of a countable collection of “regular” parts
(i.e., possessing the properties described above) and a set of measure zero, and considering their
preimages under the mappings ϕ−1 ◦ αj . 
Theorem 5.9. (See [12,15].) Suppose that E is a measurable set in Rn, (X, dX) is an Hk-
rectifiable metric space, n k, and ϕ ∈ Lip(E,X). Then the formula∫
E
f (x)Jk
(
MD(ϕ, x)
)
dx =
∫
X
dHk(z)
∫
−1
f (u)dHn−k(u) (5.8)
ϕ (z)
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f (x)Jk(MD(ϕ(x)) is integrable.
Corollary 5.10. The coarea formula (5.8) is valid for any set A ⊂ E such that A \Z is measur-
able.
Proof of Theorem 1.3. (The case of Y = E ⊂ Rn.) Observe that 1 ⇔ 2 was established in
Remark 1.6; the implication 1 ⇒ 4 follows from Lemmas 3.7–3.10, Corollary 4.3, and Theo-
rem 4.1; 3 ⇔ 4 follows from Lemma 3.7; 4 ⇒ 1 follows from Lemmas 3.8, 3.9, Theorem 5.9,
and Corollary 5.10; 4 ⇔ 5 is a consequence of Lemmas 3.9, 3.10, and Theorems 5.6 and 5.8.
Thus, we have proved the following equivalences:
1 ⇔ 2, 1 ⇔ 4, 3 ⇔ 4, 4 ⇔ 5. 
6. Coarea formula as a countably additive set function
Suppose that E ⊂ Rn is a measurable set, (X, dX) is a metric space, and ϕ ∈ Lip(E,X) is such
that dim ker(MD(ϕ, x)) n− k almost everywhere.
Consider some set E ⊂ E and the set function Φ defined on Borel sets in Rn as follows:
A → Φ(A) =
∫
X
dHk(z)
∫
ϕ−1(z)∩A∩E
dHn−k(u). (6.1)
It follows from Lemma 3.8 that Φ is absolutely continuous. Show that Φ is countably additive.
Indeed, let A1 and A2 be disjoint Borel sets in Rn. Then
Φ(A1)+Φ(A2)
=
∫
X
dHk(z)
∫
ϕ−1(z)∩A1∩E
dHn−k(u)+
∫
X
dHk(z)
∫
ϕ−1(z)∩A2∩E
dHn−k(u)
=
∫
X
dHk(z)
[ ∫
ϕ−1(z)∩A1∩E
dHn−k(u)+
∫
ϕ−1(z)∩A2∩E
dHn−k(u)
]
=
∫
X
dHk(z)
∫
ϕ−1(z)∩(A1∪A2)∩E
dHn−k(u) = Φ(A1 ∪A2). (6.2)
For a disjoint collection {Am}m∈N of Borel sets, the equality Φ(⋃m∈NAm) = ∑m∈NΦ(Am)
follows from (6.2) and B. Levi’s theorem.
Hence (see, for example [30]), Φ is differentiable almost everywhere, i.e., the limit
lim
δ→0,Qδx
Φ(Qδ)
Hn(Qδ) = Φ
′(x), (6.3)
where Qδ is an arbitrary cube of radius δ, exists almost everywhere.
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Lip(E,X) be such that dim ker(MD(ϕ, x)) n− k almost everywhere. Denote by DE the set on
which the functions Φm,
Φm(x) = m
n−k
2n−k
∫
ϕ−1(ϕ(x))∩Q(x,1/m)∩E
dHn−k(u), x ∈ E,
converge to unity. Then the coarea formula holds for every measurable set A ⊂ E \Z if and only
if Hn(E \DE) = 0 for every E ⊂ E.
Proof. Assume thatHn(E\DE) = 0 for every E ⊂ E. By Lemma 3.8, for proving the validity of
the coarea formula, it suffices to consider the case of a compact set A. It is known that if A ⊂ Rn
is measurable and Hn(A) < ∞ then the function
ΞA(z) =
∫
ϕ−1(z)∩A
dHn−k(u)
isHk-measurable on X (see [8, 2.10.26]). Then, repeating the arguments of Lemma 4.6, we con-
clude that the functions Φm(x), x ∈ E, are measurable for all m ∈ N greater than some m0 ∈ N.
Assume that DE ⊂ E is the set on which Φm → 1 (it is measurable, see Lemma 4.11), Dl ⊂ DE
is a compact set on which Φm ⇒ 1 such that Hn(DE \ Dl) < 1l , A ⊂ Dl is an arbitrary com-
pact set, and Q(x, r) is an n-dimensional cube meeting the conditions of Theorem 4.1. We can
suppose without loss of generality that Dl ⊂ Dl+1 for all l ∈ N.
Let us show that Jk(MD(ϕ, x)) = Φ ′(x) for x ∈ Dl .
Repeating the arguments of item II in the proof of Theorem 6.22 in [15], we infer
ϕ
(
Q(x, r)∩ E)= ϕ(Qk,ν(x, r))∪ ϕ(Qε)
for almost all x ∈ Dl at r < r0(x, ε), where Qk,ν(x, r) ⊂ (x + Lν) ∩ Q(x, r) ∩ Dl is compact,
the k-dimensional direction Lν ∈ L is sufficiently close to (ker(MD(ϕ, x)))⊥, Qk,ν(x, r) has
k-dimensional density 1 at the point x, the values Φm(y) are uniformly close to the unity for all
y ∈ Qk,ν(x, r), and Hn(Qε) < εHn(Q(x, r)), where ε → 0 as r → 0 and ν → ∞. Moreover,
∫
ϕ(Qk,ν (x,r))
dHk(z)
∫
ϕ−1(z)∩ϕ−1(ϕ(Qk,ν (x,r)))∩E
dHn−k(u)

∫
ϕ(Q(x,r)∩E)
dHk(z)
∫
ϕ−1(z)∩Q(x,r)∩E
dHn−k(u)

∫
ϕ(Qk,ν (x,r))
dHk(z)
∫
ϕ−1(z)∩ϕ−1(ϕ(Qk,ν(x,r)))∩E
dHn−k(u)+
∫
ϕ(Qε)
dHk(z)
∫
ϕ−1(z)∩Qε
dHn−k(u),
and, by Lemma 3.8,
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2nrn
∫
ϕ(Qε)
dHk(z)
∫
ϕ−1(z)∩Qε
dHn−k(u)
 (Lip(ϕ))
kωn−kωk
ωn2nrn
Hn(Qε) ε (Lip(ϕ))
kωn−kωk
ωn2nrn
Hn(Q(x, r))→ 0
as r → 0 and ν → ∞. Hence,
Φ ′(x) = lim
r→0
1
2nrn
∫
ϕ(Q(x,r)∩E)
dHk(z)
∫
ϕ−1(z)∩Q(x,r)∩E
dHn−k(u)
= lim
ν→∞ limr→0
1
2nrn
∫
ϕ(Qk,ν (x,r))
dHk(z)
∫
Qnk,ν
dHn−k(u),
where Qnk,ν = ϕ−1(z) ∩ (ϕ−1(ϕ(Qk,ν(x, r)))) ∩ Q(x, r) ∩ E. Furthermore, the last integral can
be represented as
1
2krk
∫
ϕ(Qk,ν(x,r))
dHk(z) 1
2n−krn−k
∫
Qnk,ν
dHn−k(u)
= 1
2krk
∫
ϕ(Qk,ν (x,r))
(
1 + o(1))dHk(z)
= H
k(ϕ(Qk,ν(x, r)))
2krk
+ o(1)H
k(ϕ(Qk,ν(x, r)))
2krk
.
Since H
k(ϕ(Qk,ν(x,r)))
2krk  (Lip(ϕ))
k and o(1) → 0 as r → 0 and ν → ∞, we have
lim
ν→∞ limr→0
1
2krk
∫
ϕ(Qk,ν(x,r))
dHk(z) 1
2n−krn−k
∫
Qnk,ν
dHn−k(u)
= lim
ν→∞Jk,ν
(
MD(ϕ, x)
)
.
Since MD(ϕ, x)(u) ∈ Lip(Sn−1) for all x ∈ E, it follows that Jk,ν(MD(ϕ, x)) → Jk(MD(ϕ, x))
as ν → ∞.
Thus, the equality Jk(MD(ϕ, x)) = Φ ′(x) holds at almost all points x ∈ Dl of differentiability
of the set function Φ(A), and the coarea formula holds for every measurable set A ⊂ Dl .
If A ⊂ DE then, using the countable additivity and the absolute continuity of Φ [30], we
obtain
∫
Jk
(
MD(ϕ, x)
)
dx = lim
m→∞
∫
Jk
(
MD(ϕ, x)
)
dxA A∩Dm
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m→∞
∫
X
dHk(z)
∫
ϕ−1(z)∩A∩Dm
dHn−k(u)
=
∫
X
dHk(z)
∫
ϕ−1(z)∩A∩⋃m∈N Dm
dHn−k(u)
=
∫
X
dHk(z)
∫
ϕ−1(z)∩A
dHn−k(u),
i.e., in this case, the coarea formula also holds. Moreover, by the definition of DE, we have
Hn−k(ϕ−1(z)∩ E \DE) = 0 for all z ∈ X. Representing E as at most countable union of E’s and
a set of measure zero, and applying B. Levi’s theorem, we see that, the coarea formula holds for
every measurable A ⊂ E \Z, if Hn(E \DE) = 0 for every E ⊂ E.
The necessity of this condition is obvious from the coarea formula. 
Proposition 6.2. The m-coarea factor can be considered as the derivative Φ ′(x) of the absolutely
continuous countably additive set function Φ defined on Borel sets in (6.1). Then, for every
measurable set A ⊂ E \Z, the coarea formula can be represented as follows:
∫
X
dHk(z)
∫
ϕ−1(z)∩A
dHn−k(u) = Φ(A) =
∫
A
Φ ′(x) dx =
∫
A
Jk
(
MD(ϕ, x)
)
dx.
Theorem 6.3. Assume that E ⊂ Rn is a measurable set, (X, dX) is a metric space, the mapping
ϕ ∈ Lip(E,X) is such that dim ker(MD(ϕ, x))  n − k almost everywhere, and ϕ(E) ⊂ X is
Hk-σ -finite. Then the coarea formula holds.
Proof. I. Prove that dim ker(MD(ϕ, x)) = n− k almost everywhere. Indeed, we have
Hk+1(ϕ(E))= 0.
By Corollary 4.3, Jk+1(MD(ϕ, x)) = 0 almost everywhere. It means that
dim ker
(
MD(ϕ, x)
)
 n− k
almost everywhere, and, by hypothesis, we have dim ker(MD(ϕ, x)) = n− k almost everywhere.
II. Denote by
ΣE =
{
x ∈ E: Φm(x) 
m→∞ 1
}= E \DE.
Recall thatHn−k(ΣE ∩ϕ−1(z)) = 0 for all z ∈ X. Fix x ∈ ΣE and a cube Q(x, r) whose faces are
parallel or orthogonal to ker(MD(ϕ, x)). We may assume without loss of generality that x = 0
and ker(MD(ϕ,0)) = span{ek+1, . . . , en}. Define a mapping ψ : E ∩Q(0, r) → X × Rn−k and a
metric d on ψ(E ∩Q(0, r)) as follows:
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(
ϕ(y), yk+1, . . . , yn
)
,
d
(
(z,w), (t, v)
)= max{dX(z, t), |w − v|∞}.
Denote by y = (yk, yn−k) where yk ∈ Rk and yn−k ∈ Rn−k . We shall show that ψ is bi-
Lipschitz with respect to the metric d . It is easy to see that
d
(
ψ(y),ψ(w)
)
max
{
Lip(ϕ),1
}|y −w|∞.
Let us show that, there exists γ > 0 such that d(ψ(y),ψ(w)) γ |y −w|.
1. The case ϕ(y) = ϕ(w). The continuity of the m-differential implies that, if ϕ(y) = ϕ(w) then
there exists a constant α(r) ∈ [0,1), such that
∣∣yn−k −wn−k∣∣ (1 − α(r))|y −w|. (6.4)
Indeed, suppose the contrary that for any r > 0 and α ∈ [0,1) there exist y ∈ Q(0, r) ∩ E and
w,v ∈ ϕ−1(ϕ(y))∩ E ∩Q(0, r) such that
∣∣Prker(MD(ϕ,x))(w − v)∣∣< (1 − α)|w − v|. (6.5)
On the one hand, it means that w−v|w−v| is close to (ker(MD(ϕ,0)))
⊥ ∩ Sk−1.
On the other hand, since w,v ∈ ϕ−1(ϕ(y)), we have that w−v|w−v| is close to ker(MD(ϕ, y)) ∩
Sn−1. By Lemma 4.5, for any ε > 0, there exists δ > 0 such that ker(MD(ϕ, y))∩Sn−1 is a subset
of an ε-neighborhood of ker(MD(ϕ,w)) ∩ Sn−1 if |y − w| < δ. Note that, the same is true for
(ker(MD(ϕ, y)))⊥ ∩ Sn−1 and (ker(MD(ϕ,w)))⊥ ∩ Sn−1.
Fix ε > 0, such that 3ε-neighborhoods of ker(MD(ϕ,w))∩Sn−1 and of (ker(MD(ϕ,w)))⊥ ∩
S
n−1 do not intersect for each w. Take r < δ such that for all w,v ∈ Q(0, r) with ϕ(w) = ϕ(v),
we have w−v|w−v| belong to ε-neighborhood of ker(MD(ϕ, y))∩ Sn−1 for y ∈ Q(0, r) with ϕ(y) =
ϕ(w) (the existence of such r > 0 follows from Lemma 4.7). Finally, take α ∈ [0,1) such that if
(6.5) holds for w,v ∈ Q(0, r), then w−v|w−v| belong to ε-neighborhood of
(
ker
(
MD(ϕ,0)
))⊥ ∩ Sn−1.
For the chosen r and α, consider wr,α and vr,α such that (6.5) holds. Denote by ξ the vector
wr,α−vr,α
|wr,α−vr,α | . By the choice of α, we have that, there exists ξ0 ∈ (ker(MD(ϕ,0)))⊥ ∩ Sn−1 with
|ξ − ξ0| < ε. By the choice of r > 0, we have that, there exists ξ1 ∈ ker(MD(ϕ, y)) ∩ Sn−1 with
|ξ − ξ1| < ε. Consequently, since r < δ, for ξ1 there exists ξ2 ∈ ker(MD(ϕ,0)) with |ξ1 − ξ2| < ε.
From here we have that |ξ0 − ξ2| < 3ε, and we obtain the contradiction. Thus, there exist r > 0
and α(r) ∈ [0,1) such that (6.4) holds.
2. The case ϕ(y) = ϕ(w). We may assume without loss of generality, that r > 0 is such that
MD(ϕ, y)(u)  c2 for y ∈ Q(0, r) ∩ E and u ∈ (ker(MD(ϕ,0)))⊥, where c is the constant
of Lemma 4.4, that (2.1) holds with the constant 0 < 2β < min{ c2K , 1K }, where |y − w| 
K(|yk − wk| + |yn−k + wn−k|) for all y,w ∈ Rn, instead of ε, and that MD(ϕ, y)(v)  β|v|
for all v ∈ ker(MD(ϕ,0)).
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dX
(
ϕ(y),ϕ(w)
)= MD(ϕ, y)(y −w)+ o(|y −w|)
= MD(ϕ, y)(yk −wk)+ o(|y −w|) c
2
∣∣yk −wk∣∣− β|y −w|,
and
ρ
(
ψ(y),ψ(w)
) def= dX(ϕ(y),ϕ(w))+ ∣∣yn−k −wn−k∣∣
 c
2
∣∣yk −wk∣∣− β|y −w| + ∣∣yn−k −wn−k∣∣
 c
2
∣∣yk −wk∣∣−Kβ(∣∣yk −wk∣∣+ ∣∣yn−k −wn−k∣∣)+ ∣∣yn−k −wn−k∣∣
= ∣∣yk −wk∣∣( c
2
−Kβ
)
+ ∣∣yn−k −wn−k∣∣(1 −Kβ)
 Kθ
(∣∣yk −wk∣∣+ ∣∣yn−k +wn−k∣∣) θ |y −w|,
where θ < min{
c
2 −Kβ,1−Kβ}
K
, θ > 0. Thus, in view of obvious inequality
ρ
(
(z,w), (t, v)
)
 2d
(
(z,w), (t, v)
)2
,
we have for ϕ(y) = ϕ(w),
d
(
ψ(y),ψ(w)
)
 θ
2
|y −w|.
Put γ = min{1−α(r), θ2 }. Then, γ > 0 and d(ψ(y),ψ(w)) γ |y−w|. Thus, ψ is bi-Lipschitz.
III. Note that, we may assume that ψ is defined on ΣE ∩Q(0, r).
Repeating arguments of the proof of [8, 2.10.45] for our metric d , the set X × Q(0,R) ⊃
ψ(ΣE ∩ Q(0, r)), and Hausdorff measure Hn−k|·|∞ on Rn−k , such that Hn−k|·|∞ (Q(0,R)) =
ωn−kRn−k , we deduce that Hnd(X × Q(0,R)) =Hk(X)Hn−k|·|∞ (Q(0,R)) · ωnωkωn−k . Consequently,
in view of [8, 2.10.25], for C = ωn
ωkωn−k we have
Hnd
(
ψ
(
ΣE ∩Q(0, r)
))
 C
∫
ϕ(ΣE∩Q(0,r))
dHk(z)
∫
{yn−k : (z,yn−k)∈ψ(ΣE∩Q(0,r))}
dHn−k(u).
The last integral equals zero, since ψ is a bi-Lipschitz mapping,
{
yn−k:
(
z, yn−k
) ∈ ψ(ΣE ∩Q(0, r))}= Prker(MD(ϕ,0))(ΣE ∩ ϕ−1(z)∩Q(0, r)),
where the projection mapping Prker(MD(ϕ,0)) is non-degenerate on level sets (see (6.4)), and, con-
sequently,
Hn−k(ΣE ∩ ϕ−1(z)∩Q(0, r))=Hn−k({yn−k: (z, yn−k) ∈ ψ(ΣE ∩Q(0, r))})= 0.
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Hence, Hn(ΣE) = 0.
By Theorem 6.1, the coarea formula holds. 
Corollary 6.4. Suppose that, under the conditions of Theorem 6.1, dim ker(MD(ϕ, x))  n − k
almost everywhere and ϕ(E) ⊂ X is Hk-σ -finite. Then assertions 1, 3–5 in the Coarea Formula
Validity Criterion hold.
7. Generalizations and applications
The next lemma is used in the proof of the area formula for mappings of level sets (see below).
Lemma 7.1. Let A ⊂ Rl be a measurable set, and x ∈ A be a density point of A. Then, x is a
linear density point of A in Hl−1-almost all u ∈ Sl−1.
Proof. For each q ∈ N, consider functions ψq(u) = q|(x, x + 1q u) ∩ A| :Sl−1 → R, where | · |
denotes 1-dimensional Lebesgue measure. By Fubini’s theorem, the value |(x, x+ 1
q
u)∩A| is de-
fined forHl−1-almost all u ∈ Sl−1. Moreover, each function ψq is integrable, and, consequently,
is measurable in view of Fubini’s theorem.
From here it follows that the function ψ(u) = limq→∞ ψq(u) is measurable.
Denote the set of directions in which x is not a linear density point, by Ω . Note that, Ω is
measurable, since Ω = {u ∈ Sl−1: ψ(u) < 1}.
Assume thatHl−1(Ω) > 0. Then, there exists α > 0 and a measurable set Ω ′ ⊂ Ω of positive
measure, such that ψ(u) < 1 − 2α on u ∈ Ω ′.
We may assume by Egorov’s theorem, that ψq(u)⇒ ψ(u) for u ∈ Ω ′. Then, there exists
q0 ∈ N with ψq(u) < 1 − α for q > q0 and u ∈ Ω ′.
Since Ω ′ is measurable, we have
(
1 − o(1))ωlrl =Hl(A∩B(x, r))=
∫
Sl−1
rl−1
l
∣∣(x, x + ru)∩A∣∣dHl−1(u)
=
∫
Sl−1\Ω ′
rl−1
l
∣∣(x, x + ru)∩A∣∣dHl−1(u)+ ∫
Ω ′
rl−1
l
∣∣(x, x + ru)∩A∣∣dHl−1(u)
<
(
1 − o(1))rl(ωl − Hl−1(Ω ′)
l
)
+ (1 − α)rlH
l−1(Ω ′)
l
<
(
1 − o(1))ωlrl,
where r = 1
q
< 1
q0
, and o(1) → 0 as q → ∞. Letting q tend to infinity, we obtain the contradic-
tion. The theorem follows. 
Let (Y, dY) be anHn-rectifiable metric space. Denote the Lipschitz mappings from the defin-
ition of the Hn-rectifiable metric space by βj : Bj → Y, j ∈ N, where Bj ⊂ Rn are measurable,
and Hn(Y \⋃j∈N βj (Bj )) = 0.
Definition 7.2. (See [15].) Let {Ai}i∈N be a countable family of sets. We say that {Ai}i∈N is a
partition of A if the following conditions hold:
(1) Ai ∩Aj = ∅ if i = j ,
(2) A =⋃i∈NAi .
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Hk-rectifiable metric space, n  k, and ϕ ∈ Lip(Y,X). Then there exist a set of Hn-measure
zero Y0 ⊂ Y, measurable sets Dj ⊂ Bj , j ∈ N, and partitions into measurable sets Y \ Y0 =⋃
j,ν∈N Yj,ν , Bj \ Dj =
⋃
ν∈NBj,ν such that Yj,ν = βj (Bj,ν) for some j ∈ N and each βj is
bi-Lipschitz, m-differentiable everywhere on Bj,ν , and MD(βj , y)(u) = 0 for all y ∈ Bj,ν and
u ∈ Sn−1, j, ν ∈ N.
Remark 7.4. A similar assertion is formulated in [17].
To simplify the notations, assume that Y \ Y0 =⋃m∈N Ym, and Ym = βm(Bm), m ∈ N. In
what follows, we denote byM the countable dense set on Sn−1 of (n−k)-dimensional directions
{Mμ}μ∈N.
Theorem 7.5 (The area formula for mappings of level sets). Suppose that
z ∈ X, dim ker(MD(ϕ ◦ βm,y))= n− k, on (ϕ ◦ βm)−1(z) and
(ϕ ◦ βm)−1(z)∩Bm is a level set. Then, for each m ∈ N, there exists Bm,0 ⊂ Bm, Hn(Bm,0) = 0,
such that the area formula
∫
(ϕ◦βm)−1(z)∩Bm\Bm,0
Jn−k
(
MD(βm,y)
)
dHn−k(y) =
∫
ϕ−1(z)∩Ym\βm(Bm,0)
dHn−k(x) (7.1)
holds. Here
Jn−k
(
MD(βm,y)
)
= ωn−k(n− k)
( ∫
Sn−k−1
[
MD(βm,y)(u)
]−(n−k)
dHn−k−1(u)
)−1
, (7.2)
and Sn−k−1 is the (n− k − 1)-dimensional unit sphere of ker(MD(ϕ ◦ βm,y)).
Proof. Any Bm \Bm,0,Hn(Bm,0) = 0, is the union of at most countable family of compact sets,
such that the conditions of Theorem 2.3 hold on every compact set. Moreover, we may assume
that each point of Bm \ Bm,0 is a (n − k)-dimensional density point of Bm in each direction
M ∈M. Thus, we have obtained the existence of Bm,0.
Therefore, suppose that Bm enjoys the above conditions.
Fix a level set S of ϕ ◦βm. By Theorem 2.3, it isHn−k-rectifiable. Since βm is Lipschitz, and,
therefore, it possesses N -property, we may assume that (4.2) holds in each y ∈ S.
Define a set function Φ on Borel subsets of S as
Φ(A) =Hn−k(βm(A∩ S)).
Note that, it is countably additive and absolutely continuous. Moreover, the measure Hn−k on
S is doubling locally. Thus, to prove the area formula (7.1), it suffices to show that Φ ′(y) =
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Φ ′(y) = lim
r→0
Hn−k(βm(B(y, r)∩ S))
Hn−k(B(y, r)∩ S) = limr→0
Hn−k(βm(B(y, r)∩ S))
ωn−krn−k
in view of (4.2). Consider a sequence Mμ → ker(MD(ϕ ◦ βm,y)) as μ → ∞. For each μ ∈ N,
construct the projection mapping πμ,y :S → y+Mμ along (ker(MD(ϕ ◦βm,y)))⊥. By construc-
tion, πμ,y(y) = y.
Denote the set πμ,y(B(y, r)∩S) by Aμ(y, r). Then, βm(B(y, r)∩S) = βm ◦π−1μ,y(Aμ(y, r)).
Fix r0 > 0 and suppose that r < r0. Then, in view of (4.2) and the properties of πμ,y following
from Lemma 4.7, we have
Hn−k(Aμ(y, r))= (1 + o(1))Hn−k(Aμ(y, r0)∩B(y, r))= (1 + o(1))ωn−krn−k,
where o(1) → 0 as r → 0 and μ → ∞. Thus, since βm is Lipschitz, we infer
Φ ′(y) = lim
μ→∞ limr→0
Hn−k(βm ◦ π−1μ,y(Aμ(y, r0)∩B(y, r)))
Hn−k(Aμ(y, r0)∩B(y, r))
= lim
μ→∞Jn−k
(
MD
(
βm ◦ π−1μ,y, y
))
since y is a density point of Aμ(y, r0). (Here Jn−k(MD(βm ◦ π−1μ,y, y)) is the Jacobian of
βm ◦ π−1μ,y .)
It is left to prove that MD(βm ◦ π−1μ,y, y)(u) = (1 + o(1))MD(βm,y)(u) for each u ∈
S
n−1 ∩ Mμ, where o(1) → 0 as μ → ∞.
Put Dμ(y, r) = Aμ(y, r) ∩ Bm. By above assumptions, y is a density point of Dμ(y, r) for
each r ∈ (0,R), where R > 0 is small enough. By Lemma 7.1, it is a linear density point in
almost all directions in Sn−1 ∩ Mμ. Then, there exists a countable dense set Uμ on Sn−1 ∩ Mμ
such that y is a linear density point in each direction u ∈ Uμ. Consequently, for each u ∈ Uμ we
have
MD
(
βm ◦ π−1μ,y, y
)
(u) = lim
r→0
dY(βm(y),βm ◦ π−1μ,y(y + ru))
r
= lim
r→0
(1 + o(1))dY(βm(y),βm(y + ru))
r
,
where r ∈ (0,R) is such that y + ru belong to π−1μ (Dμ(y,R)) in the first relation and Dμ(y, r0)
in the second relation, respectively; and o(1) → 0 as r → 0 and μ → ∞. Here the convergence
of o(1) to zero depending on μ is uniform in u ∈ Sn−1. Thus, for u ∈ ker(MD(ϕ ◦ βm,y)), we
have
MD(βm,y)(u) = lim
μ→∞ MD
(
βm ◦ π−1μ,y, y
)
(uμ),
where uμ → u, uμ ∈ Uμ, as μ → ∞. From here we obtain Φ ′(y) = Jn−k(MD(βm,y)) in
those y, in which we have (4.2), i.e., in Hn−k-almost all y ∈ S.
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∫
S∩A
Jn−k
(
MD(βm,y)
)
dHn−k(y) =
∫
S∩A
Φ ′(y) dHn−k(y)
= Φ(A) =
∫
βm(A∩S)
dHn−k(y)
for each measurable A ⊂ S. 
Theorem 7.6. (The coarea formula [12,15].) Suppose that (Y, dY) isHn-rectifiable metric space,
(X, dX) is Hk-rectifiable metric space, n k, and ϕ ∈ Lip(Y,X). Then, the formula∫
Y
f (x)Jk(ϕ, x) dHn(x) =
∫
X
dHk(z)
∫
ϕ−1(z)
f (u)dHn−k(u), (7.3)
where
Jk(ϕ, x) = Jk(MD(ϕ ◦ βm,β
−1
m (x)))Jn−k(MD(βm,β−1m (x)))
J (MD(βm,β−1m (x)))
on Ym, holds for every function f : Y → E (where E is an arbitrary Banach space) such that
f (x)Jk(ϕ, x) is integrable.
Proof of Theorems 1.2–1.4. I. Applying the Preimage-of-a-Point Theorem to each of the map-
pings ϕ ◦ βm, m ∈ N, we conclude that there exist sets Σm ⊂ Bm, Hn(Σm) = 0, such that
(ϕ ◦ βm)−1(z) ∩ Bm \ (Zm ∪ Σm) is a subset of the union of an at most countable collection
of the images of measurable sets Dzl ⊂ Rn−k under Lipschitz mappings ψzm,l , l ∈ N; in partic-
ular, this set is Hn−k-rectifiable in Rn for all z ∈ X. Denote Σ =⋃m∈N βm(Σm). Since each
of the mappings βm, m ∈ N, possesses the N -property, we have Hn(Σ) = 0. Furthermore, for
every mapping ψzm,l :D
z
l → (ϕ ◦ βm)−1(z)∩Bm \ (Zm ∪Σm), Dzl ⊂ Rn−k , consider the compo-
sitions βm ◦ψzm,l :Dzl → ϕ−1(z)∩ Ym \ (Z ∪Σ), l ∈ N, where Z =
⋃
m∈N βm(Zm). Obviously,
βm ◦ψzm,l ∈ Lip(Dzl ). Putting ΣY = Σ ∪ Y0, we see that the set ϕ−1(z) \ (Z ∪ΣY) is an Hn−k-
rectifiable metric space for every z ∈ X, or, more exactly, is a subset of the union of an at most
countable collection of images of measurable sets in Rn−k under Lipschitz mappings.
II. The proof of the equivalence 1 ⇔ 2 is carried out as was indicated in 1.6.
1 ⇒ 3. In view of the equivalence 1 ⇔ 2, it suffices to consider the case of f (x) = χA(x),
where A \ Z ⊂ Y is measurable. Suppose that the coarea formula (7.3) holds for every such a
set A ⊂ Y. Since βm is a bi-Lipschitz mapping, the preimage Am = β−1m (A ∩ Ym \ Z) is also
measurable, and the function Jn−k(MD(βm,βm−1(x)))−1 is bounded and measurable. Then,
applying the coarea formula to the function f (x) = Jn−k(MD(βm,β−1m (x)))−1, the change-of-
variable formula to the mapping βm :Am → A∩ Ym \Z and Theorem 7.5, we have∫
A
Jk
(
MD(ϕ ◦ βm), x
)
dx =
∫
X
dHk(z)
∫
−1
dHn−k(u).
m (ϕ◦βm) (z)∩Am
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ϕ ◦ βm(Bm) = ϕ(Ym) = XΣm ∪ XZm ∪ X0,m, m ∈ N, where XΣm , XZm , and X0,m correspond to
the sets XΣ , XZ , and X0 in Theorem 1.3. Put Σ = (⋃m∈N βm(Σm)∪ Y0), XΣ =⋃m∈N XΣm ∪
ϕ(Y0) = ϕ(Σ), XZ = ϕ(Z) =⋃m∈N XZm , and X0 =⋃m∈N X0,m.
The proof of the assertion on the properties of XZ follows the scheme of 3.10 with obvious
changes.
The implication 3 ⇒ 1 follows from Lemma 3.8, the proof of Lemma 3.9, and Theorem 7.6.
To prove the equivalence 3 ⇔ 4, it suffices to consider the mappings ϕ ◦βm, m ∈ N, and apply
the proof of Lemma 3.7; and Lemma 3.8 and Corollary 4.3.
The proof of the equivalence of the assertion about the set Z in 3 and item 5(b) follows the
schemes of 3.9 and 3.10 (see 1.5) with obvious changes.
III. Applying arguments similar to those in proof of Lemma 6.3, we see that dim ker(MD(ϕ ◦
βm,y)) = n − k almost everywhere on Bm for all m ∈ N, and the coarea formula holds for each
of the mappings ϕ ◦βm. Consider the set Ym and a mapping βm ∈ Lip(Bm,Ym), where Bm ⊂ Rn.
By the area formula, the equivalence 1 ⇔ 2, and Theorems 6.3 and 7.5, we have
∫
Ym
f (x)Jk(ϕ, x) dHn(x)
=
∫
Bm
(f ◦ βm)(y)Jk
(
MD(ϕ ◦ βm,y)
)Jn−k(MD(βm,y))dHn(y)
=
∫
X
dHk(z)
∫
(ϕ◦βm)−1(z)
(f ◦ βm)(v)Jn−k
(
MD(βm, v)
)
dHn−k(v)
=
∫
X
dHk(z)
∫
ϕ−1(z)
f (u)dHn−k(u).
Applying a standard argument, we deduce the coarea formula (7.3) for ϕ ∈ Lip(Y,X). 
Corollary 7.7. Suppose that dim ker(MD(ϕ ◦ βm,x))  n − k almost everywhere, m ∈ N, and
ϕ(Y) ⊂ X is Hk-σ -finite. Then items 2–4, 5(b) of the Coarea Formula Validity Criterion hold.
Definition 7.8. Let Y be an Hn-rectifiable metric space and let (X, dX) be an arbitrary metric
space. We say that a mapping ϕ :Y → X belongs to the class Φ(Y,X) if there exists an at most
countable disjoint collection of measurable sets {Al} such that, for all l ∈ N, the mapping ϕ|Al is
Lipschitz on Al and
Hn
(
Y \
⋃
l∈N
Al
)
= 0.
Put Σϕ = Y \⋃l∈NAl .
Definition 7.9. (See [16].) Suppose that E ⊂ Rn is a measurable set, (X, dX) is a metric space,
and ϕ :E → (X, dX). The mapping ϕ is approximately metrically differentiable, or approximately
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ap lim
y→x
Lx(x − y)− dX(ϕ(x),ϕ(y))
|x − y| = 0,
i.e., the set
Aε =
{
y ∈ E:
∣∣∣∣Lx(x − y)− dX(ϕ(x),ϕ(y))|x − y|
∣∣∣∣< ε
}
has density 1 at x for every ε > 0. The seminorm Lx is called the approximate metric differential,
or the approximate m-differential of the mapping ϕ at the point x and is denoted by MDap(ϕ, x).
Theorem 7.10. Let Y be an Hn-rectifiable metric space and let (X, dX) be an arbitrary metric
space. Then, for every mapping ϕ ∈ Φ(Y,X), Theorem 1.2, items 1–4, 5(b) of Theorem 1.3, and
Theorem 1.4 hold but the coarea formula takes the following form:
∫
Y
Jk(ϕ, x) dHn(x) =
∫
X
dHk(z)
∫
ϕ−1(z)\Σϕ
dHn−k(u).
In the case, where Y = E ⊂ Rn is a measurable set, all the five statements of Theorem 1.3 hold
but the coarea formula is of the form
∫
A
Jk
(
MDap(ϕ, x)
)
dHn(x) =
∫
X
dHk(z)
∫
ϕ−1(z)\Σϕ
dHn−k(u).
Proof. It suffices to consider the restrictions ϕ|Al , l ∈ N, and apply Theorems 1.2–1.4 and stan-
dard arguments. 
Remark 7.11. In [26,27], it was proved that, given a domain Ω ⊂ Rn, continuous quasi-
monotone mappings of the Sobolev class W 1n,loc(Ω,X), continuous mappings of the Sobolev
class W 1q,loc(Ω,X), q > n, with values in an arbitrary metric space, and mappings of the Sobolev
class W 1q (Ω;X), q  1, with values in separable metric space [25], belong to Φ(Ω,X). Fur-
thermore, in [4,29], it was proved that mappings of class BV(Ω,X) [2] also belong to Φ(Ω,X).
Hence, Theorem 7.10 holds for all these classes of mappings.
We remark that, for a mapping ϕ :Rn → Rk , k  n, [11,21–23] deal with a subtler character-
istic of the geometry of level sets of Sobolev mappings than the Hausdorff measure Hn−k .
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